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Abstract. We present an integer linear program (IP), for the Graph
Isomorphism (GI) problem, which has non-empty feasible solution if and
only if the input pair of graphs are isomorphic. We study the polytope
of the convex hull of the solution points of IP, denoted by B?. Exponen-
tially many facets of this polytope are known. We show that in case of
non-isomorphic pairs of graphs if a feasible solution exists for the linear
program relaxation (LP) of the IP, then it violates a unique facet of B2,
We present an algorithm for GI based on the solution of LP and prove
that it detects non-isomorphism in polynomial time if the solution of the
LP violates any of the known facets.

Keywords: Graph Isomorphism Problem e Linear Programming e Poly-
hedral Combinatorics

1 Introduction

The graph isomorphism problem (GI) is a well-studied computational problem:
Formally, given two graphs GG; and G5 on n vertices, decide if there exists a
bijection o : V(G1) = V(G2) such that {u,v} € E(Gy) iff {o(u),0(v)} € E(G2).
Each such bijection is called an isomorphism. Without loss of generality, we
assume that the vertices in both the graphs are labelled by integers 1,...,n.
Hence V(G1) = V(G2) = [n] and each bijection is a permutation of 1,...,n. It
remains one of the few problems that are unlikely to be NP-complete [1] and
for which no polynomial time algorithm is known. The fastest known graph
isomorphism algorithm for general graphs has running time 20(vnlogn) [4].

Several approaches to solve GI have been adopted. Most prominent of these
has been the one that finds a canonical labeling of the vertices of the two graphs
[3],[5]. For a comprehensive list of all the approaches there are some survey
papers on the works published on this problem, such as [6].

Another problem of interest in the present context is Quadratic Assignment
Problem (QAP) [8]. The QAP polytope is defined as the convex hull of all the
feasible solutions to its linear formulation [9]. The polyhedral combinatorics of
this polytope was studied by Volker Kaibel in his PhD thesis [7]. In the thesis he
identifies a class of facets of this polytope and the dimension of its affine plane.

In this work we derive an integer linear program for graph isomorphism.
Each (integer) solution of this program corresponds to one permutation. The
convex hull of these points is denoted by B2 when both graphs are ([n], #). The
polytope of the corresponding linear program (LP) is denoted by P. We show



that each maximally connected region of P\ B (] is separated from B2 by only
one facet. Hence in case of non-isomorphic graph pairs if the linear program is
feasible, then the solutions violate exactly one facet of BI?. Several facets of B
are already known and many new facets are identified in this paper.

We describe an algorithm which is based on the linear program. We show that
if the linear program gives a feasible solution for non-isomorphic pair, then the
algorithm correctly detects in polynomial time that the pair is non-isomorphic if
the solution is separated from B[ by any of the described facets. We also show
that there must be several additional facets of B2 which are yet to be discovered.
This is the reason that we cannot yet claim that this algorithm solves the graph
isomorphism problem in polynomial time.

2 Integer Linear Program for GI

Define a second-order permutation matrix P([TQ] corresponding to a permutation

o as (PE])Z-]-,M = (Py)ij(Ps)ri. We call the convex hull of the second-order per-
mutation matrices, the second-order Birkhoff polytope B2 In [10] a completely
positive formulation of Quadratic Assignment Problem (QAP) is given. The fea-
sible region of this program is precisely B[?, see theorem 3 in [10].

Let B[c?]ng denote the convex hull of the P(?] where o are the isomorphisms
between G; and Gs. If the graphs are non-isomorphic, then Bg]le = (. Clearly
B2 =B . when Gy = G2 = ([n],0) or Gy = G2 = K,

Observation 1 Given a pair of graphs, there exists a linear program (probably
with exponentially many conditions) such that the feasible region of the program

(Bg]le) is non-empty if and only if the graphs are isomorphic.

Next we will develop an integer linear program such that the convex hull of
its feasible points is B[é]l G, 1t is easy to verify that for every permutation o,

Y = P,LQ] satisfies equations la-1d.

Yijt — Yii5 =0 Vi, 5, k, 1 (1a)

Yiji = Yjiui =0 Vi,Vj #1 (1b)

ZYichl = ZYz’j,lk = Yijij Vi, j, 1 (1c)
o %

> Vi =) Yiigi =1 Vi (1d)
i J
Lemma 1. The solution plane, P, of equations 1a-1d is the affine plane spanned
by PR, e P = {5, 00 PP 5 00 = 11

Proof. We will first show that the dimension of the solution plane is no more
than n!/(2(n —4)!) + (n — 1)% + 1.



In the following discussion we will split matrix Y into n? non-overlapping
sub-matrices of size n x n which will be called blocks. The n blocks that contain
the diagonal entries of Y will be called diagonal blocks. Note that Yj; x; is the
jl-th entry of the ik-th block.

From the equation 1b, the off-diagonal entries of the diagonal blocks are zero.
Assume that the first n — 1 diagonal entries of the first n — 1 diagonal blocks are
given. Then all diagonal entries can be determined using equations 1d.

Consider any off diagonal block in the region above the main diagonal, other
than the right most (n-th) block of that row. Note that the first entry of such
a block will be Y;1 51 where 7 < s < n. From the equation 1b we see that its
diagonal entries are zero. The sum of the entries of any row of this block is same
as the main diagonal entry of that row in Y, see equation 1c. Same holds for the
columns from symmetry condition la. Hence by fixing all but one off-diagonal
entries of the first principal sub-matrix of the block of size (n — 1) x (n — 1),
we can fill in all the remaining entries. An exception to above is the second-last
block of the (n — 2)-th block-row (with first entry Y{,,_2)1 (n—1)1). Here only the
upper diagonal entries of the first principal sub-matrix of size (n—1) X (n—1) are
sufficient to determine all the remaining entries of that block. From equation 1c
all the entries of the right most blocks can be determined. Lower diagonal entries
of Y are determined by symmetry. Hence we see that the number of free variables
is no more than (n—1)2+((n—1)(n—2)—-1)(2+---+(n—2))+(n—1)(n—2)/2 =
nl/(2(n —4)) + (n — 1)% + 1.

In [7] it is shown that the dimension of B[?! polytope is z(n"iiél)! +(n—1)%+1.
This claim along with the result of the previous paragraph leads to the conclusion
that equations la-1d define the affine plane spanned by the PE]S. O

Corollary 1. B is a full dimensional polytope in P.
Lemma 2. The only 0/1 solutions of Equations 1a-1d are PE] ’s.

Proof. Let Y be a 0/1 solution of the above system of linear equations. Note
that equations 1d and the non-negativity of the entries ensure that the diagonal
of the solution is a vectorized doubly stochastic matrix. As the solution is a 0/1
matrix, the diagonal must be a vectorized permutation matrix, say P,. Then
Yijig = (Fo)ij-

Equations 1lc imply that Y;; i = 1 if and only if Yj;,; = 1 and Y = 1.
Equivalently, Yi; 1 = Yijij - Yeie = (Po)ij - (Po)i = (PcLQ])ij,kl-

Equations 1a and 1b describe the remaining entries. [J

Let G1 = ([n], E1) and G3 = ([n], E2) be simple graphs on n vertices each.
Define a graph G = (V,E), where V = [n] x [n] and {ij,kl} € E if either
{i,k} € By and {j,1} € Es or {i,k} ¢ Eq and {j,1} ¢ E».

Corollary 2. The only 0/1 solutions of equations 1a-1d and Y; y = 0 {ij, kl} ¢

E, are the PE] where o are the isomorphisms between G1 and Gs.



Corollary 2 gives the following integer program for GI.

IP-GI: Find a point Y
subject to la-1d (2a)
Yijru =0 , {ij,kl} ¢ E (2Db)
Yiim€{0,1} ,Vi,4,k,1

Note This is a feasibility formulation of GI. To formulate an optimization pro-
gram for GI, replace the conditions 1d by >, Yj;;; < 1 and 3, Yj;,;; <1, and
set the objective function to be Zi,j Yi;,i;- The solutions of IP-GI coincide with
those solutions of the optimization version where the objective function evaluates
to n.

The LP relaxation, LP-GI, is IP-GI with relaxed conditions on the variables.
Here we only require that Y;;; > 0 for all 4, 7,k,l. The condition Y;;; <1
is implicit for all 4,7, k,l. Let Pg,q, denote the feasible region of LP-GI. So

B[GQ]IG2 C P, G, Define P = Pg, g, where G; = G2 = ([n],0) or Gy = Gy = K.
P is contained in the unit-cube {0, 1}”2 X"Z, so it is a polytope. It is also contained

in the plane P, hence it too is a full-dimensional polytope in that plane.
The following observations are in order.

Observation 2 Graphs G1, G4 are isomorphic if and only if the feasible region
of LP-GI shares at least one point with B[

Observation 3 The complete set of facets of P is Yij = 0Vi # kVj # L.

Observation 4 Vertices of B2 (i.e., PE]) are a subset of the vertices of P.

3 Facial Structure of B[

The feasible region of LP-GI for an isomorphic graph pair, G1, Gs, will always
contain at least one point from B[G2]1G2. In case of non-isomorphic pair, either the
feasible region will be empty or it will be confined to P\ B[?l. While such solutions
satisfy the non-negativity conditions, they occur on the wrong side of some of
the facets of B2, We cannot include the corresponding inequalities into the
linear program (even if we know them) and get an exact program for GI because
they are exponentially large in number. It is easy to devise an algorithm for GI
based on the present LP. Our goal is to identify the facets of BI? and using the
corresponding inequalities prove that this algorithm will take only polynomial
time to detect that the entire LP feasible region is outside B!?/. Hence our first
task is to identify all the B!?! facets. Exponentially many of these facets are
already identified in the literature and we will identify exponentially many new
facets.

We will represent a facet by an inequality f(z) > 0 which defines the half
space that contains the polytope and the plane f(x) = 0 contains that facet. All



the known facets of B2 are special instances of a general inequality

Znijnklyij,kl +(B8-1/2*>(28-1) Zninij,ij +1/4 (3)
ijkl ij
where 5 € Z and n;; € Z for all (ij).

The first set of facets are the instances of this inequality where n;,j, = N1, =
1 for some (igjo) # (kolo), all other n;; =0, and § = 1.

Theorem 5. Y, k1, = 0 defines a facet ofB[Q] for every ig, jo, ko, lo such that
io # ko and jo # lo-

The above theorem is proven in [7].

The next set of facets are due to 8 = np,q, = Npags = Np1ge = 1, Nt = —1,
and the rest of the n;; are zero. Here p;,p2, k are any distinct set of indices.
Similarly q1, g2, are also any set of distinct indices.

Theorem 6. Inequality Yy, g, ki+ Ypogo.ki + Yprgokl < Yei ki +Ypiq1,p2q. defines a
facet of B2, where p1, ps, k are distinct and q1,qs,1 are also distinct and n > 6.

The third set of facets is due to 8 = n,;, = =n,,,5,, =1, np = —1 and
the remaining n;; = 0.

Theorem 7. Inequality Y;, j, kitYigjo kit Yo gkt < Yt kit 20 25 Yinjoicis:

defines a facet of B2, where iq, ..., im,k are all distinct and j1, ..., jm, 1 are also
distinct. In addition, n > 6, m > 3.

Theorems 6,7 appear with proof in [2] as Theorems 10,17 respectively.

The next two sets of facets are established in [7]. Let Py and P, be disjoint
subsets of [n]. Similarly let @1 and Q2 also be disjoint subsets of [n]. In these
facets Ngj = 1if (Z]) S (P1 X QQ) U (P2 X Ql) and Nij = —1if (Zj) S (P1 X Ql) U
(P> X Q2). All other n;; are zero. In the following case P, = Q1 = 0.

Theorem 8. [7, Definition 8.5] Following inequality defines a facet of B2

(B-1) Z(ij)ePlez Yijij < Z(ij);é(lgl)ePle27i<k Yije + (1/2)(/32 - B)
when B+ 1< [P, |Q2] <n =3P+ Q2] <n—3+8; 622

The next set of facets, with Q1 = ), is given in the following theorem.
Theorem 9. [7, Definition 8.6] Following inequality defines a facet of B2

—(B=1) X ijyeri s Yidid + B 2 ij)e Pyx@s Yidiis T 22052 (kt) e PaxQa ik Yidokl +
()£ EPr x Qasick Yidkl = 2o (if)ePyxQa. (k) Pax Qs Yidkl + (1/2)(8% = B) > 0
where the conditions on the parameters are as given in [7, Definition 8.6].

From Observations 3, 4 and Theorem 5 we have the following result.

Theorem 10. All facet defining planes of P also define facets of B and all
vertices of B2 are also vertices of P. Besides, the dimensions of the two polytopes
are same (both are full dimensional polytopes in plane P).



Let the sets of vertices and the facet planes of BI? be denoted by V(B2)
and F(BP]) respectively. Similarly denote the respective sets for P.

Since V(B?) c V(P), BPl is contained in P. F(P) is a subset of F(B[?) and
these facet planes are Yj; 1 = 0 planes so we refer to them as zero-planes and
the corresponding facets as trivial facets of BPl. Each facet X € F(BP)\ F(P)
partitions P into two parts because the two polytopes are of the same dimension.
One part contains B2, We will refer to the other part of P by a pocket. Note
that the points on the facet X do not belong to the pocket. The non—P,?} vertices
of P do not belong to X since it is a facet of BI?! and it is the convex-hull of the
P belonging to it. Clearly only non-P? vertices must occur in the pockets.
In the following lemma we will show that these pockets do not overlap, hence
each vertex of V(P) \ V(B!?]) belongs to a unique pocket.

Lemma 3. All pockets are disjoint.

Proof. Polytope P is the intersection of half spaces (Y > 0) N P in the
underlying space P. Let I be the index set such that P is contained in the plane
Y,q,rs = 0 for all (pg,rs) € I. Hence a point Z € P belongs to the interior of P
if and only if Z;; 5, > 0 for all (ij, kl) ¢ I. Each pocket K is bounded by some
zero planes, (Yijx = 0) N P, and one facet plane X € F(B2)\ F(P). So all
pockets are full dimensional in P. By definition the points of X do not belong
to K. Let K denote the interior of pocket K, which is a subset of the interior of
P.

Let K; and K, be two distinct pockets which are separated from B2 by
facet planes X; and X5 respectively.

Let Z € K1 N K. Assume that Z ¢ K’g but belongs to Kl. Then Z is a point
on a face of Ky which is in the intersection of some zero planes. Let B(Z,¢) be
an infinitesimally small ball in P centered at Z with radius €. For small enough
radius B(Z, e) C K;. This is absurd because Z being on the intersection of some
zero planes, there is a point in the ball which has at least one coordinate negative,
which is not possible in the interior of K7. Hence any zero plane bounding one
pocket does not intersect the interior of the other pocket. We also know that
X1NKy = X3NK; = 0. Hence the interior of either pocket contains no bounding
point of the other pocket.

Above argument shows that either K, = K5 or K1 N Ky = 0. The former
implies K1 = K5, which is not true. We deduce that the interiors of the pockets
are disjoint.

Then the point Z must belong to a face in each pocket. These faces must be
due to the intersection of some of the zero planes in P. Once again consider a
ball B(Z,¢) in P. Let B'(Z, ¢) denote the subset of the ball where all the non-I
coordinates are positive. Then for a small enough €, B'(Z, ¢) must belong to the
interior of K as well as of K. This implies that KN K, # (). But that is not
true as shown in the previous paragraph. So we conclude that K3 N Ky must be
empty. [

Corollary 3. Fach pocket is a mazimal connected region of P\ B2l And there
is a one to one correspondence between facets of F(B2)\ F(P) and the pockets.



Each vertex of V(P) \ V(BP) belongs to a unique pocket. So we have the
following combinatorial result.

Corollary 4. |F(BP)\ F(P)| < |V(P)\ V(BE)).

Lemma 4. The feasible region of LP-GI for non-isomorphic graphs, if non-
empty, lies entirely in a unique pocket.

Proof. Let the feasible region span multiple pockets. Let these include the pocket
of the non-trivial facet X;. By the definition of the feasible region, it cannot cross
the boundary of P hence it must cross X; to enter another pocket. But X; is a
part of BI? so the feasible region contains at least one point of B2, This implies
that the graphs are isomorphic, falsifying the assumption. [J

Corollary 5. FEvery point in the feasible region of LP-GI for non-isomorphic
graphs violates only one of the non-trivial facets of B2,

3.1 There are more Facets

All the known facets of B[? are instances of a general inequality ZZ k1 TVig Ukl
Yijw +(8—1/2)2 > (26 -1) > 5 MijYija; + 1/4. It is possible that there are
more instances of this inequality which are also facets. Could there be facets of
this polytope which are not the instances of this inequality. The answer to this
question is in the affirmative. In [2, Section 5] we prove this claim.

In the following section we will show that a simple algorithm can be devised
using LP-GI which can detect non-isomorphism in polynomial time, whenever
the solution of a non-isomorphic pair belongs to a pocket corresponding to one of
the facets described in this section. Hence it is essential to identify the remaining
facets to determine how effective this algorithm is.

4 The Algorithm

We have seen that the feasible region of the linear program LP-GI strictly con-
tains Bg]le. Therefore if the feasible region of LP-GI is empty, then we can
conclude that the graphs are non-isomorphic. But no conclusion can be derived
in case LP-GI has a solution. In this section we propose an exact algorithm
for graph isomorphism and show that if the solution is confined to any pocket
which corresponds to any known facet (discussed in the previous section), then
the time complexity of the algorithm is polynomial.

Let E denote the set of equations (2a-2b) and some additional equations of
the form Yj; i = 0 or Vi = 1. Let U denote the set of live variables which
are not yet set to a fixed value (0 or 1) in E. Let LP(E,U) denote the linear
program involving the equations £ and inequalities Y;; 1 > 0 for each Yj;p € U.
Let SearchVar(E,U) be a subroutine which takes one variable Yijr from U at a
time and finds if the linear program is infeasible on setting this variable to 0 (then



returns (Y;; x,0)) or on setting it to 1 (then returns (Y;; x, 1)). If the program
is feasible for each assignment of each variable, then it returns (null, —1).

Initially Ey denotes the system of equations (2a-2b) and Uy is the set of
variables which are live with respect to equations (2a-2b). The main algorithm
GISolver given in Algorithm 1 is called with parameters Fy and U.

Function: GISolver(E,U)
if LP(E,U) is infeasible then

‘ return false /* Graphs are non-isomorphic */
else
if LP(E,U) is feasible and U = () then
‘ return true /* Graphs are isomorphic */
else
(z,7) := SearchVar(E,U);
if r =1 then
| return GISolver(E U {z =0},U \ {z});
else
if » =0 then
| return GISolver(E U {z =1},U \ {z});
else

Select a variable x from U;
return GISolver(EU{z =0},U \ {z}) V
GISolver(E U {x =1},U \ {z});

end

end
end

end
Algorithm 1: Algorithm for GI

If we view the space searched by GISolver as a tree with (Ey, Up) as the root,
then those nodes, (E,U), have two children where SearchVar(E,U) returns
(null, —1). Call them split nodes. All other internal nodes have one child. Let
there be at most 7 split nodes along any path from root to the leaves. Then the
time complexity of this algorithm is O(p(n)27) where p(n) denotes a polynomial.

4.1 Algorithm 1 is polynomial time for Pockets of the known facets

In this subsection we will show that if the feasible region of the linear program
for a non-isomorphic pair is confined to a pocket corresponding to any of the
known facets, then the algorithm will detect it in polynomial time. We will show
that in these cases no split nodes will occur in the search-tree generated by the
algorithm and hence 7 will be zero.

Lemma 5. 7 = 0 when the feasible region lies in a pocket defined by any facet
in Theorem 7 with m > 3.



Proof. Suppose the solution of a non-isomorphic pair is contained in the pocket
of Zre[m] Yi ikt < Yerw + ZT<SE[W] Yi, j.is.j.. then the solutions will satisfy
> Yi gkt > Yk + 2o Yigio,j. - From Corollary 5, the solutions cannot
violate any other facet. Let a be an arbitrary element of [m] and define S =
[m]\ {a}. Then we have a facet due to ) o Yi j, ki < Yarki+ 2, cocs Yiririe s
which must be satisfied by the solutions. Subtracting the second from the first
we have Yi .kt > D ,cg Yirjriaj. > 0. The last inequality is due to the non-
negativity condition in the linear program. This implies that when Y;_;, i will
be set to zero in the algorithm, the linear program will declare it infeasible.
Hence Y;_;, 1 will be set to 1. Since a is any arbitrary index, eventually Y;_ ;. u
will be set to 1 for each a € [m]. These will force Yy 1y and Y; j, .5, V7, s € [m]
to 1. Then the first inequality will be violated since the left hand side will be m
but the right hand side will be 1 + (7;) where m > 4. O

Lemma 6. 7 = 0 when the feasible region lies in a pocket defined by any facet
in Theorem 8 with |[P| > B+ 1 or|Q| >+ 1.

Proof. Assume that the inequality (8—1) >= ;e pxq Yijii < 2o (ij)£(k)ePxQ i<k
Yijnw + (1/2)(B8% — B) is violated and |P| > 3+ 1. We have

G- > Yuu> D Yeu+@2F-5H @)
(ij)EPxQ (if)#(kl)EPXQ,i<k
Let ip € P and jo ¢ Q. Define P’ = P\ {ig}. Suppose during a call of
SearchVar the algorithm forces Y;, j, i0j, t0 1. Since P’ and @ both have at least
B + 1 elements, the solution must satisfy the inequality

B-1) > Yiu< > Yijw +(1/2)(8% = B).  (5)

(ij)EP' xQ (i) #(K)EP' X Q i<k

(4) minus (5) gives (8 —1) 3" cq Yiosios > 2ojeq 2o(ki)ye P xq Yiojkl-

Since Yigjo,injo = 1 where jo & Q, > cq Yigjios = 0. The non-negativity
condition implies that the right-hand-side is non-negative so we conclude that
0 > 0. As Yjjy,i0jo = 1 renders the problem infeasible, the algorithm will set
Yiojio; = 0 for all j ¢ Q. As iy was an arbitrary element of P, eventually the
algorithm will set Y¥;;,; =0 for all i € P and all j ¢ Q.

Next consider an arbitrary (igjo) € P x Q. Suppose algorithm sets Y;  j, i0j, =
1. Let P’ = P\ {ip}. Then the violated inequality (4) reduces to (8 — 1)(1 +

2
> ihyerxa Yidii) > X yerrxquick Ykl T2 jeq 2 yer xq Yiogh+ 50

Subtracting (5) from the above inequality gives (8 —1) > > c0 > (x)ep/xq
Y.kt Since Y5 1 = 0 for all j # jo, ZMQ Z(M)ep,xQ Yiyj.kt = 0. Adding this
term to the right hand side of the inequality we get (5—1) > Zje[n] Z(M)ep,xQ
Yigihl = Z(kl)eP/xQ Yi1 k- From the first part of the proof, Yj;r = 0 for any
k€ Pandl ¢ Q.Sowehave Y epyg Yeru = [P|>B+1-1=p. It reduces
to infeasible 8 — 1 > 3, which leads the algorithm to set Yjj,,i0j, = 0. Hence
eventually Y;; ;; is set to zero for all (ij) € P x ). Combining with the fact that
Yijij =0forallie P,j¢Q, wehavel = Zje[n] Yiji; = 0 for any i € P. Hence
algorithm will report non-isomorphic pair. [



Lemma 7. 7 = 0 when the feasible region lies in a pocket defined by any facet
in Theorem 8 with |P| = |Q| =41 and 8 > 2.

Proof. The violation of (8 — 1) Z(ij)erQYij,ij < E(ij);é(kl)erQ,Kk Yiim +
(1/2)(B? — B) gives inequality (4), given in the last proof.

Let ig € P and P’ = P\ {ip}. Then the solution must satisfy the facet with
parameters P, Q, 3 — 1. So we have

B-2) > Yiyu< > Yijw +(1/2)((B—1)* = (8—1)) (6)

(i) EP' X Q (i) #(k)EP' xQ,i<k

(4) minus (6) gives

Yo Yt B0 Y >y, > Yigu+(B-1). (7)

(ij)eEP’'xQ JEQ JEQ (KI)EP' XQ

Since (8 — 1) ZjeQ Yigjioi = (B—1)—(—-1) ng Yioj.i05, the inequality
transforms t0 3 ;) c procg Yigiis > (B—1) 22500 Yiojioi T2 jeq 2okiyeprxq Yiojki
|: /(||Pl| — 1) > 500 Yiojios T 2 jeq 2okepr 2u1eq Yioj ki, because B +1 = |P| =
P+ 1.

For Y is a solution of the LP, Yij.ioj = > jc(y) Yiojk for any k. So [P'| 32 .0
Yiojioj = 2orepr 2@ 2teln] Yiojki- Plugging this equation in the previous in-
equality we get > e prq Yijii > = 2o j¢q Yioioi + 2oker 2icin) 2jgq Yioikl
+ 2 kep 216 2o jeq Yioski- Combining the last two terms we get >-; 0 cpryo
Yijii > = 2j¢0 Yioios T 2o(ki)ep <@ 2ojeln] Yioikl = — 22j¢q Yiosioit 2keps
EleQ Y51 k- It simplifies to ZjQQ Yiojios > 0.

If the algorithm sets Y;;i,; = 1 for some j € @, then the above inequality will
reduce to 0 > 0 making it infeasible. So eventually algorithm will set Y;;;; = 0
for all (ij) € P x Q. This will make (4) infeasible and the algorithm will report
that the graphs are non-isomorphic. [J

Lemmas 6 and 7 lead to the following corollary.

Corollary 6. 7 = 0 if the solution for a non-isomorphic pair is confined to a
pocket defined by one of the facets given in Theorem 8 except when f = 2 and
|P|=1Qf = 3.

Lemma 5 and Corollary 6 imply that by adding additional inequalities cor-
responding to the base cases of facets in Theorems 7 and 8 to the constraints
of LP-GI we can detect non-isomorphic graph pairs if their solution falls in any
pocket defined by the facets given in Theorems 7 and 8. Moreover the facets in
Theorem 6 can all be added to LP-GI. The additional inequalities will be polyno-
mial in number (O(n®)), hence the modified LP-GI can be solved in polynomial
time. Note that the facets given in Theorem 5 are already part of LP-GI.

Lemma 8. 7 = 0 when the feasible region lies in a pocket defined by any
facet in Theorem 9 subject to restrictions: (i) |Pi|,|P2| > 3, (i) if B > 0
and min{|Q|, |P1|} > B+ 1 then |Q| + |Pi|+3 < n+ B, (i) if B < 0 and
min{|Q|, |Pz|} > 2 — 3 then |Q| + |P2| +3<n+1- 7.



Proof. Given that a 2-box facet (Py, P2, @, ) is violated by the solution face,
every solution point satisfies

-(B-1) Z Yiii; + 8 Z Yija; + Z Yijm

(ij)eP1xQ (i)eP2xQ (i7)#(kl)EP1XQ,i<k (8)
2 _
+ Z Yijht — Z Yijh + rop <0.
(i5)# (kD) EP: X Q,i<k (i5)EP1XQ,(kl)EP; X Q

Let i9p € P; and i(, € P> be two arbitrary indices. Let P{ = P; \ {ip} and
Pj = P, \ {iy}. Then all the solutions must satisfy the inequality corresponding
to the 2-box facet of (Py, Ps, @, 3). We have

- (-1) Z Yijij + 8 Z Yijj + Z Yijm

(ij)eP{xQ (ij)EP;xQ (i7)# (k)€ P{ X Q,i<k
52 _ 5 (9)
+ Z Yije — Z Yiju + —5— 20.
(ij) () EPLX Q i<k (i) € P x Q,(k)EP{XQ

Case 1: In the algorithm when Yjj, ;s s is set to 1, where jo, jg € @, jo # o,
(8) minus (9) gives 0 < 0 which is absurd. Hence algorithm will set Y;; ;s = 0
forallie P1,i' € Ps,5,5 € Q.

Case 2: When the algorithm sets Y j, i ;s = 1, where jo ¢ Q,74 € Q. Then
(8) minus (9) gives 8 + Z(z‘,j)engQ Yijij < 0, where we used the result of the
previous case. Note that it is impossible if 5 > 0.

Case 3: When the algorithm sets Y;;, ;12 = 1, where [y € @, 6 ¢ Q. Then (8)
minus (9) gives —(8 —1) + Z(i’j)GP{XQ Yijs; < 0, which is impossible if 8 < 0.

If B > 0, then combining the results of cases 1 and 2 we see that the algorithm
sets Yiji = 0 for all ¢ € P,k € Py,j € [n],l € Q which is same as setting
Yiji; = 0 for all i € P, x Q. Similarly we can see that if 5 < 0, then the
algorithm will set Y;;,; = 0 for all ij € P, x Q.

Plugging these values in inequality (8) we have following simplified cases

2 _
,@ <0: ﬂ Z }/z'j,ij + Z Yz‘j,kl + ﬂ 2 ﬂ <0. (10)
(i5)EP2%Q (i) # (k) EP2 X Q i<k
2 _
B>0:=(B-1) > Vi + > Yij,kwrﬁ 5 . (11)
(ij)ePLXQ (1g)#(kl)eP1 xQ,i<k

In the remainder we will prove that neither of these inequalities can be sat-
isfied by the solution of the linear program in the subsequent phase of the al-
gorithm. Hence, at this stage, the algorithm will find no solution and conclude
that the graphs are non-isomorphic.

We will first consider inequality (11). If 5 < 1 then clearly (11) is violated.
So assume that 5 > 2. Next if |Py[, |Q| > 8+ 1, then (11) implies that the 1-box
facet corresponding to (P, @, ) is violated. But that is impossible since the
solution can violate at most one non-trivial facet. That leaves us the case when

min{|P|,|Q|} < B.



First assume that [P1| < |Q|. Consider the identity > .. 1icp i<k Yijkt =
|Pr[(|P1] —1)/2 + Zij;éklera,i<k Yijk — (1P| = 1) Zij€P1 xQ Yijij. Plugging
into the inequality (11) gives —(8 — 1)> .cp wo Yijig + [Pal(|[P1] — 1)/2 +
Zij?ﬁklePl xXQ,i<k Yijht — (1Pl = 1) Zijeplxa Yijij + B(6—1)/2 < 0. But the
left hand side of the above inequality is at least —(8 — 1) X icp, e Yisis +
Yijnier x@ i<k Yig kit (BB=1)+|P|(|P1[=1))/2 = ((B—|P1])*=(B=|P1]))/2 =
0since Y ;e py e Yisij = [P1f and B, [Py are both integral. Hence we find that
inequality (11) is impossible.

The case of |Q| < |Py], is handled similarly since P; and @ have similar
role. In case of inequality (10) we rewrite it by replacing 5 by —(v —1). We get
(v = 1) Xipyeraxq Yiaii + Xiijrmnersxq,ick Yk + (1/2)(7* =) < 0. We
can now use the same argument as above to establish that (10) is also impossible.
U

Theorem 11. Algorithm 1, using modified LP-GI1, detects non-isomorphic graph
pairs in polynomial time if the solution is confined to a pocket due to any of the
facets described in Theorems 7,8 and a subset of facets described in Theorem 9.

5 Conclusion

We have formulated GI as a geometric problem. The next challenge in estab-
lishing that GI is in class P lies in identifying the remaining facets of B2 and
proving that the corresponding 7 is at most O(logn). This does not contradict
the fact that QAP is an NP-hard problem since in the present approach for GI,
unlike QAP, the polytope of the linear program is not B2l

References

1. Vikraman Arvind and Jacobo Toran. Isomorphism testing: Perspective and open
problems. Bulletin of the EATCS, 86:66-84, 2005.

2. P. K. Aurora and S. K Mehta. New Facets of the QAP-Polytope. ArXiv e-prints,
September 2014.

3. Lészl6 Babai and Ludek Kucera. Canonical labelling of graphs in linear average
time. In FOCS, pages 39-46, 1979.

4. Lészl6 Babai and Eugene M. Luks. Canonical labeling of graphs. In STOC, pages
171-183, 1983.

5. Léaszl6 Babai, Paul Erdés, and Stanley M. Selkow. Random graph isomorphism.
SIAM J. Comput., pages 628-635, 1980.

6. Scott Fortin. The graph isomorphism problem. Technical report, University of
Alberta, 1996.

7. V. Kaibel. Polyhedral Combinatorics of the Quadratic Assignment Problem. PhD
thesis, Faculty of Mathematics and Natural Sciences, University of Cologne, 1997.

8. T.C. Koopmans and M.J. Beckmann. Assignment problems and the location of
economic activities. Technical report, Cowles Foundation, Yale University, 1955.

9. Eugene L. Lawler. The quadratic assignment problem. Management Science,
9(4):586-599, 1963.

10. Janez Povh and Franz Rendl. Copositive and semidefinite relaxations of the
quadratic assignment problem. Discrete Optimization, 6(3):231-241, 2009.



