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This paper is motivated by the computer-generated nonadditive code described in
Rains et all. We describe a theory of non-stabilizer codes of which the nonadditive
code of Rains et al is an example. Furthermore, we give a general strategy of
constructing good nonstabilizer codes from good stabilizer codes and give some
explicit constructions and asymptotically good nonstabilizer codes. Like in the case
of stabilizer codes, we can design fairly efficient encoding and decoding procedures.

1 Introduction

Let A be a finite abelian group with operation denoted by + and null ele-
ment denoted by 0. We identify A with the alphabet of symbols transmitted
on a classical communication channel. Consider the n-fold cartesian prod-
uct A™ of copies of A. Elements of A™ are called words of length n. A
commonly used group is {0,1} with addition modulo 2. Let A denote the
character group of A, the multiplicative group of all homomorphisms from
A into the multiplicative group of complex numbers of modulus unity. For
a=(ay,as,...,a,)T € A" we define its weight w(a) to be #{i | a; # 0}. We
say that a subgroup C, of A™ is a t-error correcting group code if for every
non-zero element x = (r1,22,...,%,)7 in Cp,, w(x) > 2t + 1. In other words,
if messages transmitted through a noisy channel are encoded into words from
C,, and during transmission of a word errors at the output occur in at most
t positions, then the message can be decoded without any error. There is a
vast literature on the construction of ¢t-error correcting group codes and the
reader may find an introduction to this subject and pointers to literature in
standard texts?3.

A broad class of quantum error correcting codes known as stabilizer codes
was introduced by Gottesman? and Calderbank et al® (also see references®7).
Rains et al! obtained the first example of a non-stabilizer quantum code
of distance 2. Subsequently, an entire family of non-stabilizer codes of dis-
tance 2 was constructed by Rains®. Later, Roychowdhury and Vatan® showed
that there are non-stabilizer codes with different minimum distances and also
proved an asymptotic result about the existence of t-error correcting non-
stabilizer codes of good rate.

In this paper we develop a theory of nonstabilizer codes based on the Weyl
commutation relations. The nonadditive code of Rains et al' is an instance
of our theory and we derive it directly from the theory. Furthermore, we
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outline a general strategy of constructing good nonstabilizer codes from good
stabilizer codes and give some explicit constructions and asymptotically good
nonstabilizer codes. For a rich family of nonstabilizer codes, we present elegant
and efficient encoding circuits. We also present a simple effective decoding
procedure for these nonstabilizer codes.

First we introduce some definitions. We choose and fix an M-dimensional
complex Hilbert space H and consider the unit vectors of H as pure states of
a finite level quantum system. If A is a finite abelian group with M elements
and {e; | € A} is an orthonormal basis of H indexed by elements of A we
express it in the Dirac notation as |z) = e,. If x = (z1,79,...,7,)T € A" is
a word of length n, we write

|X) = |z122 .. . 2n) =€, R€ry @ ...Q €y,

where the right-hand side is a product vector in the n-fold tensor product
H®" of n copies of H. Thus, with the chosen orthonormal basis, every word
x in A" is translated into a basis state |x) of H®".

A quantum code is a subspace C,, of H®". Note that a pure state in H®"
described by a unit vector |) in H®" has density matrix [¢) (1)|. A density
matrix p in H#®" is a non-negative operator of unit trace. In quantum prob-
ability, a projection operator F in H®" is interpreted as an event concerning
the quantum system and a density matrix p as a state of the quantum system.
The probability of the event F in the state p is given by TrpE. Messages to be
transmitted through a quantum channel are encoded into pure states in H®" .
When a pure state |¢), or equivalently, a density matrix [¢) (1] is transmitted
the channel output is hypothesized to be a state of the form

p=_Lilt) (W L] (1)

where the operators {L;} belong to a linear subspace A of the algebra of all
operators on H®". The operators {L;} may depend on p, but in order to
ensure that p is a density matrix it is assumed that (1| >, LILZ- [v) = 1. By
the spectral theorem p can be expressed as

p:ij 5 (5]

where 1; is an orthonormal set in H®" and {p;} is a probability distribution
with p; > 0 for each j. In other words, the output state p is not necessarily
pure even though the input state is pure. The operators L; are called error
operators and the linear space A from which they come is called the error
space.

Let P be the projection operator corresponding to a quantum code C,.
The subspace D(P) of error operators detected by P is defined as

D(P) = {L € B(H®") | PLP = ¢.P for some ¢ € C}.
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It is evident that there is a complex-valued functional ¢ : D(P) — C so
that we can write PLP = ¢(L)P for all L € D(P).

A finite family {M;} C B(H®") constitutes a set of decoding operators
for the code C,, and error space A if the following conditions are satisfied.

(a) Yo, MIM; =1.

(b) For any pure state |1} € C,, if the output state p corresponding to |¢)) is
given by p = >"1" L; [¢) (4] L!, L; € A then

D MjpM] =3 M;Li ) (0] LM = ) (.

J ,J

In this case we say that C,, is an A-error correcting quantum code.

We have the following fundamental theorem of Knill and Laflamme
which characterizes the errors that a quantum code can correct. It essentially
states that errors coming from a family A of operators can be corrected for a
quantum code with projection P if and only if

{L1Ly | L1, Ly, € A} C D(P).

Theorem 1.1 Let A be a family of operators in H®" and let C,, ¢ H®"
be a quantum code with an orthonormal basis 1,vs, ..., 1. Let P be the
projection corresponding to the code C,. Then C, is an A-error correcting
quantum code if and only if

ATA={LILy | Ly, Ly € A} CD(P).
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Remark 1.2 The proof of the above theorem is constructive and yields the
decoding operators in terms of A and the basis 11, ...,%q of Cy.

Now we specialize the choice of A. Consider all unitary operators in H®"
of the form U = U; ® Us ® ... ® U, where each U; is a unitary operator
on H and all but ¢ of the U;’s are equal to I. Such a U when operating on
=11 ®...0 Y, € H®" produces U |)) which is an n-fold tensor product
that differs from 1 in at most ¢ places. Denote by A; the linear span of all
such unitary operators U. A quantum code C,, is called a t-error correcting
quantum code if C, is an A;-correcting quantum code.

2 Quantum Codes and Projections in a Group Algebra

Let (A, +) be a finite abelian group of M elements with null element 0. By the
fundamental theorem of finite abelian groups, A is isomorphic to @le L,
via the isomorphism 7. For every m, let wy, = €2™/™. Define the canonical
bicharacter of the group A as the following complex-valued function on A x A.

k
({a,b)) = Hwi;ﬁyj, where 7(a) = (21,...,2%) and 7(b) = (y1,- .-, Yk)-

j=1



Notice that for all a,b,¢c € A we have ({a,b)) = {(b,a)), ((a + b,c)) =
({a,e))((b,c)), and ((a,b)) =1 for all b € A if and only if a = 0. Denote by A
the character group of A. For each fixed a € A, the bicharacter ((a,b)), as a
function of b, is a distinct element y, of A and the correspondence a — Xa 18
a group isomorphism between A and the multiplicative character group A.

Denote by H the M-dimensional Hilbert space L?(A) of all complex-
valued functions on A, spanned by {|z)}.ca (where the vector |z) denotes
the indicator function 1, of the singleton {z}). Define the unitary operators
U, and V, on H for every a € A by

Ualz) = |z +a), Valz) = ((a, 2)) |x)

where x € A. Then we have

U Uy =Usrpy, VoV = Vs, and ({(a,b))U,V, = VU, ¥V a,b € A.

These are the Weyl commutation relations between the unitary operators
U, and V, on H. The family of operators {U,V; | a,b € A} is irreducible.

The canonical bicharacter on A gives rise to the following bicharacter on
A™. For two elements a = (ay,...,a,) and b = (by,...,b,) in A", ((a, b)) is
defined as

((a, b)) = [ J((ai, b:))-
i=1
PutUpo=U,, ®...0U,, and V, =V, ®...®@V,,,. Then {UW | a,b €
A"} is again an irreducible family of unitary operators such that UyUp = Uatp
and VoV = Vayp, and they satisfy the Weyl commutation relations

((a,b))UaVb = WUa V a,be A",
In the Hilbert space B(H®") of all linear operators on H®" with the
scalar product (X |Y) = TrXTY the set {M~"/2U, V4 | a,b € A"} is an
orthonormal basis. In particular

[ 0 if (a,b) #(0,0),
TrUaVb = { M™  otherwise,
The weight wt(a, b) of a pair (a,b) € A™ x A™ is defined to be #{i | 1 <
i <m,(a;,b;) # (0,0)}, where a = (a1,as,...,a,) and b = (by,...,b,). The
irreducibility of {UaW | a,b € A™} implies that {U, Vs | a,b € A™, wi(a,b) <
t} spans A;. As a result, the Knill-Laflamme theorem for A4;-correcting quan-
tum codes takes the following form which is easy to derive from Theorem 1.1.

Theorem 2.1 C,, C L?*(A)®" is a t-error correcting quantum code if and only
if
{UaV | a,b € A", wit(a,b) < 2t} C D(P),
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where P is the projection corresponding to C,,.

Let N be the least positive integer such that Na = 0 for all a € A. Let
w = e>™/N We define the error group & as follows.
Definition 2.2 The error group & is defined as

E={w'lUsV» |0<i<N-—1abecA"},
with the group operation defined by

W' UaVow! UeVa = w7 ((b, €))VatcVota-

Let § < &€ be a subgroup of the error group. In the theory of stabilizer
codes we are interested in subspaces of L?(A)®" that are left invariant under
the action of S. It turns out that the invariant subspace is nontrivial if and
only if S is abelian with the property that w'l ¢ S for all 1 <i < N — 1.
Definition 2.3 An abelian subgroup S of £ is said to be a Gottesman sub-
group of £ if w'l ¢ S for all 1 < i < N —1. The closure of a Gottesman
subgroup S is the abelian subgroup S of £ defined as

S={w'glgeS, 0<i<N-1}.

Remark 2.4 For any Gottesman subgroup S of the error group £ the element
WUV € S for at most onei:0<i< N —1.

Let C[S] be the group algebra of formal sums s 7Tss, Ts € C where
the sum and product (convolution) are defined as follows

T+T =Y (T+1T))s,
se&

T +T" = T, where T, = ZT‘;Tgﬂ—ls~
ge€

Since any Gottesman subgroup S is a set of linearly independent elements
of B(H®"), the identity map is a natural injective linear embedding from C[S]
into B(H®"). In other words, C[S] is a subalgebra of B(H®") under operator
addition and operator multiplication, where the convolution operation “x” in
C[S] coincides with operator multiplication.

Every subspace (i.e. quantum code) in H®" is defined by its correspond-
ing projection operator in B(H®"). In this paper we are interested in the
projection operators in C[S] for a Gottesman subgroup S of £. In the follow-
ing easy proposition we characterize the elements in C[S] which are projection
operators in H®". Then our goal will be to seek for projections whose range
is a good t-error correcting quantum code.

Proposition 2.5 The element T € C[S] is a projection operator on HO" if
and only if Ts =Ty—1 and T+ T =T.



We use the Fourier transform over C[S] and the above proposition to
describe projection operators in C[S]. We recall the Fourier transform and
some of its properties.

Let S be an abelian group and let S denote the character group of S. For
each s € S we can associate the element ) a,¢ in the algebra C[S] where,
as =1and ag = 0 for g # s € S. Similarly, to x € S we associate the element

> x(g9)g of C[S]. Fix an isomorphism s — x, between the groups S and S.
The Fourier transform over C[S] is now defined as follows.

Definition 2.6 (Fourier Transform) The linear transformation that maps
s € C[S] to xs € C[S] is called the Fourier transform over C[S]. The Fourier
transform T of T in C[S] is given by the formula

T, = Z Xu(8)Ts-
sES

The inverse Fourier transform is given by the following formula:

1 - ~

Let TT" denote the component-wise product of T, T’ € C[S]. Le.

T = Z T.T.s.
sES

We now recall some useful properties of the Fourier transform.

ﬂ/>k\T2 = Tlfg, Ty, T € C[S]
g =x,I, g8, TecCs).

We can characterize projection operators in C[S] using the Fourier trans-
form.

Theorem 2.7 An element T € C[S] is a projection (and hence a code) iff

T'=1p=7>3,cp9 for some subset B of S.

Proof. T is a projection iff T« T = T and Tt = T. On taking Fourier
transforms on both sides of the equation T« T =T we get

T =T.
This implies 72 = T} for every s € S. Thus, T\ € {0,1} for every s € S

which gives the desired result.
Conversely, note that if T'= 15 then by inverse Fourier transform we get

T= %Z Zﬂ(s)s

seSueB
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From the above equation it is clear that the condition 7T = T is auto-
matically satisfied. [ |

From Theorem 2.7 it is clear that the code defined by a projection T in
C[S] is completely specified by the subset B of S. We will call B the Fourier
description of the quantum code and denote the corresponding projection by
P(B).

Next, we give a formula for the dimension of a quantum code defined by

a projection T in C[S].
Lemma 2.8 Let C,, € H®" be a quantum code defined by a projection T' in
C[S] with Fourier description B C S. Then C,, # 0 if and only if W'l ¢ S
fori:1<i< N-—1 (ie. §isa Gottesman subgroup), and if C,, # O the
dimension of the code C,, is given by

timiey = A2,

Proof. 1f B is the Fourier description of the code then the projection corre-
sponding to the code is given by

P= %Z ZE(S)S

seSueB

The dimension is given by Tr(P). Observe that Tr(UaVs) = 0 if UaW # I,
and Tr(w'l) = wi# A", for w'I € S. Now, since w is a nontrivial root of unity,
YwitesWHA =0 if wif € S for some 4 such that 1 < ¢ < N — 1. Thus,
we have Tr(P) = 0 if w'l € S for some i : 1 < i < N — 1, and otherwise
Tr(P) = %#A”. This proves the lemma. ]

Proposition 2.9 Let g = w'UaVp and h = wU.Vy be elements in the error
group €. Then

ghg "Wt =~(g,h)I

where v(g, h) = ((b,c)){{a,d)). In particular we have

Y(9192,h) = v(g1, h)¥(g2, h)

Y(g, hiha) = (g, h1)v(g, h2)

and

’7(97 h) = V(ha g)

Proof. Straightforward from the Weyl commutation relations. [ |



Remark 2.10 When h € € is fixed and s varies in S the map s — (s, h) is
a character of S which we will denote by ~p,.

Let C,, C H®" be a code with Fourier description B. In the next theorem
we derive a condition on B such that C, is a t-error correcting quantum code.
We introduce a convenient notation: For ¢ = w'U,V} in the error group &,
let wt(g) denote the number wt(a, b).

Theorem 2.11 A quantum code C, C H®" with Fourier description B is
t-error correcting iff the following two conditions hold.

1. For each g € S such that wt(g) < 2t
Xg(ul_luQ) =1 for all uy,us € B.
(i.e. every u € B is in the same coset of the kernel of x,.)

2. For each g € £\ S such that wt(g) < 2t, and for every u € B™1B we
have

> Y9()xu(s) = 0.
sES
(i.e. the character vy, is different from x,-1 for every u € B™1B.)
Proof.
Let C, be a t-error correcting code and let T' = ) s Tss be the corre-

sponding projection. Recall that if B is the Fourier description for the code
then

1
23—7 E .
S ueB XU(S)

By Theorem 1.1, C, is t-error correcting if and only if there is a scalar-
valued function ¢ such that for every g € £ with wt(g) < 2t

TygT = ¢(g)T.

This is equivalent to the following condition.

(Z Tslsl> g <Z TS232> = ¢(g) ZTss. (2)

s1E€S s$2€S seS

Case 1 geS§:
In this case Equation 2 yields g7 « T = ¢(g)T. Taking Fourier transform
on both sides we get

XQTT = ¢(9)T
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Since T' = 15, we have Xg(u) = ¢(g) for all w € B. Thus, x, is constant
on B for every g € S such that wt(g) < 2¢t. This is true precisely when B is
contained in some coset of the kernel of x,.

Case 2 g¢S:

In this case the Knill-Laflamme condition takes the following form

Z Z T,,Ts,v(51,9)95152 = ZTS

SES s182=s seS

Since the operators on the two sides of the above equation have disjoint
support, each side of the equation vanishes. Consequently, ¢(g) = 0 and for
alls e S

Z T, Ts,v(s1,9) = 0.
S5182=s8

This yields

> ( > Xu1(81)> ( > Xu2(52)> V(s1,9) =0.

s152=s \ui€B u2EB
On simplification we get
D) 79(51)Xu, (1) X0y (52) = 0,
uy,u2€EB S152=5

which gives

D Xua($) D (YoXuaXu,)(s1) = 0. (3)

w1, us€B s1E€S

Note that the inner summation in equation 3 is summing up of a character
of S, namely, YgXurt Xus, OVEr the whole group §. Therefore, the inner sum-

mation yields either 0 or #S. Hence, the necessary and sufficient condition
for equation 3 to hold is

3 Ye(s)xuls) =0 Vue BB
seS

Remark 2.12 If the Fourier description of a code, B, is a subgroup of S
then the code is actually a stabilizer code with stabilizer group B+, where B+

is the annihilator of B in S defined by
Lt ={aecS:Vbe B ((a,b)) =0}.
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In particular if we set B = {1}, where I is the identity element, the code C,
with Fourier description B is the stabilizer quantum code:

Co = {[) [ s|¢) = |4) Vs € S}.

Thus the stabilizer codes of* are a subclass of the class of codes defined in this
paper.

At this point we recall some useful facts from the theory of stabilizer codes
(seel! for details).

Let S be a Gottesman subgroup of €

C(8) = {4} € LA |Ul)=|v) ¥ Ues}
Let Z(S) denote the centralizer of S in &, that is,

2(8)={Uec&|UU =U'U V¥ U €S}

For Gottesman subgroup S let the closure be S (see Definition 2.3).

Theorem 2.13 Let S be a Gottesman subgroup of the error group € and let S
be its closure. Then C(S) is a t-error correcting quantum code if wt(a,b) > 2t
for each w'U, Wy, € Z(S)\ S.

The above theorem is a generalization of a basic result of Calderbank et
al ® , where it is stated for the special case A = Fy.

We introduce a useful notation for describing quantum stabilizer codes.
Let S be a Gottesman subgroup of £ with centralizer Z(S). The minimum
distance d(S) is defined to be the minimum of

{wt(a,b) | W' UV € Z(S)\ S}.

When A is the additive abelian group of the finite field F, we define
an [[n, k,d]], quantum stabilizer code to be a ¢"-dimensional subspace C(S)
of L?(F,)®", where S is a Gottesman subgroup of £ with d(S) > d and
cardinality ¢"*.

By Theorem 2.13 it follows that an [[n, k, d]], quantum stabilizer code is
a | (d —1)/2]-error correcting quantum code.

3 Nonstabilizer codes over finite fields

We focus our attention to the case when the abelian group A is the field
F,. Recall that the additive group Fy is a vector space over F,. If wis a
nontrivial character then the characters of the additive group Fy constitute
the set {wala € '} where wa(b) = w(a.b), ab =3 a;b;.

The set of operators {w;;UaVb\a,b €eFy,0<i<p-1}w,isa pt" root
of unity, where p is the characteristic of the field F,, forms an irreducible
representation of associated error group. It is shown in'! that any Gottesman
subgroup § is of the following form
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{w(p(@))ULaVira | 2 € F}},

where L and M are n x r matrices over I, such that LT M is symmetric and
p(.) satisfies the condition that

p(v1+va) = p(vi) = p(v2) = vo LT Mvy.

Our goal in this section is to seek for nonstabilizer codes with the help of
Theorem 2.11.

Definition 3.1 A Gottesman subgroup S of the error group £ is said to be
d-pure if wt(g) > d for every g € Z(S) that is not a scalar multiple of the
identity operator.

By the theory of stabilizer codes, it follows that the stabilizer code C(S) =
{y € LZ(A)®" | Uy = ¥V U € S} corresponding to a d-pure Gottesman
subgroup S, is a |(d — 1)/2]-error correcting quantum code.

More precisely, our aim is to start with the stabilizer code C(S) of distance
d, and use Theorem 2.11 to construct nonstabilizer codes of the same distance
but larger dimension.

Observe that if S is a 2t-pure Gottesman subgroup of £, the first condition
in Theorem 2.11 is vacuously true. Thus, we only need to ensure that the
second condition in Theorem 2.11 is satisfied. For a d-pure Gottesman code
we define the forbidden set as follows
Definition 3.2 Let S be a d-pure Gottesman subgroup of the error group &.
We define the d-forbidden subset of S, denoted by F4(S), to be the subset

Fa(S) = {u €S:u#1, and3ge &\ S wi(g) <d and Z(’ygxu)(s) = #S} :
seS

We have the following theorem that is an easy consequence of Theo-
rem 2.11.
Theorem 3.3 Let S be a d-pure Gottesman subgroup of the error group &.
Then B C § is the Fourier description of a distance d code if and only if
B71BN Fu(S) is empty.

Let sa denote wp(p(a))UraVaa € S. Observe that 7 : s, — a is a group
isomorphism from S to Fy, and xs, + wa is an isomorphism from S to ﬁg.

Let g = w'UxVy ¢ S with wt(g) < 2¢. By applying the Weyl commutation
relations we get 74(sa) = w(@?’ MTx —al LTy) = w,(MTx — LTy). We have
the following theorem.
Theorem 3.4 Let S = {w(p(a))UraVuma : a € F} be a d-pure Gottesman
subgroup of the error group € over Fy. Then the d-forbidden subset of S is
given by

Fa(S) = {su:Ix,y € F} wi(x,y) <d and u= LTy — MTx}.
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Proof.
Z Vg(S)Xu(S) = Z wa(u + M"x — LTY)

seS acky

Note that the right hand side of the equation is the sum over all characters
of Fy and hence is nonzero iff u + MTx — LTy = 0. Hence

Fa(S) = {su: Ix,y € Fj wt(x,y) < d and u = LTy — MTx}

Remark 3.5 In the above setting we will call the set

Fy(S)={u:u#0,3x,y € Fj wi(x,y) <d and u= LTy — MTx}
the forbidden set. Note that F4(S) = {su :u € Fy(S)}.

4 Bounds on the dimension of codes

We now give upper and lower bounds on the dimension of nonstabilizer
codes built from pure Gottesman subgroups of £. Let the encoding space

be L2(A)®n, and N(n,q,d) denote the number Z?:o (?) (¢*> —1)". We have
the following upper bound on the dimension of the code.

Theorem 4.1 Let C, C L? (A)®n be a d-error correcting quantum code such
that its corresponding projection P has support in a 2d + 1-pure Gottesman
subgroup S of the error group €. Let B be the Fourier description of C,,. Then
the dimension of the code C,, satisfies the inequality

. #A"
B = V)

Proof. Since § is 2d+1-pure, {g € £ | wt(g) < 2d} C E\S. By Theorem 2.11
we have:

PgP =0

for all g € € such that wt(g) < 2d. Let P, denote the projection g~'Pg.
The range of P, has dimension dim(C,,) for every g € £. Furthermore, for all
91,92 € € such that wi(g1) < d and wt(g2) < d, we have

Py, Py, = g1 ' Pg1g; ' Pg2 =0,
since wt(g1g2) < 2d implies Pg1goP = 0. Thus, {P, | g € £, wit(g) < d} is a

collection of mutually orthogonal projections in L2 (A)® . Furthermore, the
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range of each Py is dim(C,,). Since there are N(n, #A, d) elements g in £ with
wt(g) < d, it follows by adding dimensions that

Q"

N (n,#A,d) dim(C,) < dim L*(A)" = #A"™

We now obtain a lower bound for the dimension of codes satisfying the
conditions of Theorem 3.4.

Theorem 4.2 Let A =Ty, and S = {w(p(a))UraVirala € F} be a 2d + 1-

pure Gottesman subgroup of the error group € for the encoding space L? (A)®n.
Then there is a d-error correcting code C,, such that its corresponding projec-
tion has support in S and

dim(Cp) > —1

N(n,q,2d)

Proof.  For the 2d + 1-pure Gottesman subgroup S = {w(p(a))ULaVumala €
IFZ}, let X be the corresponding forbidden set. By Theorem 3.4, X is the
image of the set {(x,y)|x,y € Fy,wt(x,y) < 2d} under the map (x,y)
LTy — MTx. There are N(n,q,2d) pairs (x,y), such that x,y € Fy and
wt(x,y) < 2d. Tt follow that #X < N(n,q,2d). We prove the existence of
the code C,, by constructing its Fourier description B C § using the following
“greedy” procedure to pick elements from S:

1. initially, let B be the empty set and let T' = A.
2. Pick any u € T and include in B.

3. Remove from T all elements v such that difference u — v is in X, where
u is the element picked in the previous step.

4. If T is empty, stop. Otherwise, return to Step 2.

Consider the Fourier description B constructed at the end of the above
procedure. Note that the procedure will eliminate at most #X elements from

T every time we include a new element in B. Thus, the number of elements
picked into B will be at least {%J > %. Applying Lemma 2.8 yields

the desired lower bound on dim(C,). ]

We can now easily argue about the existence of asymptotically good non-
stabilizer codes. The following theorem is a paraphrase of a result we proved
in'! about the existence of d-pure maximal Gottesman subgroups of the error
group & for large d, for encoding space LQ(A)®n for large n (A = Fy).

We first need the following technical definition.
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Definition 4.3 Annxn matriz R over Fy is said to be a-good if the following
conditions are true.

(i) The sum of every |an] columns of R has weight at least an.

(i) The sum of every |an] rows of R has weight at least an.
(iii) The sum of every |an]| columns of R has weight at most (1 — a)n.
(iv) The sum of every |an| rows of R has weight at most (1 — a)n.

It is shown in'! that there is a constant o > 0 and a corresponding positive
integer n, such that, for a randomly chosen R

Pr[R is a-good | > 0.

Theorem 4.4 For 0 < a < 1, suppose R is an n X n a-good matriz over Fa.
Let L be the following 2n X 2n symmetric matriz over Fy:

(#5)

If we write L = D + DT, where D is the upper triangular matriz with zeros
on the principal diagonal, then S = {©(aTDa)UaVia b | a € C,b € C*}, is
an |an]-pure maximal Gottesman subgroup S of the error group £.

Now, applying Theorem 4.2 we immediately get the following family of
asymptotically good nonstabilizer codes.

Corollary 4.5 For 0 < a < 1, suppose R is an n X n a-good matriz over Fqy
and S is the |an]-pure mazimal Gottesman subgroup S of the error group &€
(defined in the above theorem). Then there is an | (an — 1)/2|-error correcting
quantum code of dimension WM, whose projection has support in S.

5 Explicit construction of non-stabilizer codes

We now give an explicit construction of a family of distance 2 code. Recall
that any abelian group of the error group is of the form

S ={w(p(a))UraVia :a € Fy}

where L and M are r x n matrices over F such that LT M is symmetric and
p satisfies the condition

p(ar +as) — p(ar) — p(as) = aj L" May.

Given an odd integer n = 2m + 1, we give the explicit construction of a
((n,14n(qg—1),2)), code. Note that if ¢ =2 and n =5 we get a ((5,6,2))2
code. In! a ((5,6,2))2 code is given which is generated by a computer search.

14



They have also shown that for distance 2 this is the best possible code. We
also show that there is a code of dimension greater than LL(QQTTL—Q-"

Let x € Fy/ is all zeros except at positions m + 1 and m + 2 where it is 1.

Define the matrices S and L as follows

where o is the cyclic shift on n elements and I,,_; is the n — 1 x n — 1 identity
matrix. Let J be the n x n matrix, all of whose entries are 1 € F, and let
M = SL + J. Note that JL = 0 and hence M7 L = LTSL is symmetric. As
a result the pair L, M gives rise to a Gottesman subgroup

S ={w(p(a))UraVia : a € Fy}.

Let ;,0 < i < n —1 be the standard basis for IE‘Z;. e; is the vector with

a 1 in the ¢*" position and eq is the vector with a 1 at the n** position. Let
1=(1,1,...,1) then we have the following observation.

Observation 5.1

Sej = e€jim + €jtmy1 ( index addition mod n).

[Te. — €1 ij=0,
J e; otherwise.

€jtm t€tmi1 +1if j+m#Z0 and j+m+1#0 (mod n),
MTe; = e+ e j+m=0 (mod n),
e +en_1 j+m+1=0 (mod n).

Note that for L and M defined as above S will be a maximal abelian
subgroup (because its cardinality is ¢") and is 2-pure. Furthermore, the 2-
forbidden set is given by

By ={L"y—M"x : wt(x,y) = 1} = {aMTe;+bL"e; : (a,b) # (0,0); a,b € F,1<j<n}

We can now derive the following asymptotic result.

Theorem 5.2 Let n = 2m + 1 be an odd integer.  There exists a

((n, [mw ,2))q quantum code.
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Proof. Let the matrices S, L, and M be as defined in the above observation
and F, be the corresponding 2-forbidden set. Then #F, = n(¢®> — 1). Now,
applying a greedy algorithm similar to the one in the proof of Theorem 4.2

we can construct a ((n, {n(qqzi”ﬁl)—‘ ,2))q quantum code. ]

Consider the subset B of S defined as

n—1
B:{O}U{aeozaeE’;}U{eo—Fa (Zel) —ej:a€l; j:1,2,...n—1}.

i=1
Notice that #B =1+ n(q — 1).
Theorem 5.3 The set B as defined above is the Fourier description of a
((n,14+n(qg—1),2)), code.
Proof. Let D = (B — B)\{0}. Since F» does not contain the zero vector it is
sufficient to prove that F5ND is empty. Let u; = (Z;:ll e]) —e;,1 <i<n—1.
Now D = A; U Ay U A3 U Ay where
A = {aep,a # 0}
Az = {eg+au; : a # 0}
As={aep+Pu;: B#£0; a#—-1; 1<i<n-—1}
Ay={ow;+puj:a,f#0; 1<i,j<n—1; a#pori#j}

where a, 3 € F,. The elements of the forbidden set F» are given by

Ry = {a(em, + €m41) + beg + (a — b)1 : (a,b) # (0,0)}
Ry = {a(eo + el) + bem+l : (aa b) 7& (O’ 0)}
R3 = {a(eg + en—1) + bep, : (a,b) # (0,0)}
Ry = {a(ej1m + €j4m+1) +bej +al: (a,b) # (0,0); j #0,5 #m,j#m+1}
Now it can be verified that A; N R; is empty for every 1 < 4,5 < 4. It
follows that D N B = 0. [ |

6 Examples of 1-error correcting nonstabilizer codes

In this section we give explicit constructions of a ((33,155,3)) code and a
((15,8,3)) code. The codes we construct will be over the field F,.

Let n = 2m + 1 be any odd integer. Let x be the vector in F5 with zeros
at all positions except m + 1 and m + 2. As in the previous section, let

X
oX
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where o is the cyclic shift. Let J be the n x n matrix all of whose entries
are 1’s. Recall that the generalized Laflamme code is the stabilizer code
associated with the stabilizer group given by

S= {ULaVMa rac Fg},
where M = SL + J. The corresponding 2-forbidden set is given by
Fy = {aM%e; + bLT¢; : a,b € F,}.

Let Fy 4+ F» = {u| u=u; + uy,such that u; € Fy,us, € Fr}.

It can be easily verified that Fyy; = {u| u € F; 4+ Fy,u # 0}. Now, let
Wq = {wt(a) : a € Fy}. It can be easily checked that Wo = {1,2,3,n—3,n —
2,n—1} and W3 ={1,2,3,4,5,6,n —6,n —5,n—4,n—3,n—2,n—1}.

If B is a subset of F} such that for u € B — B we have wt(u) ¢ W3 then
B is the Fourier description of a l-error correcting quantum code. A natu-
ral approach to finding large Fourier descriptions B is to solve the following
combinatorial problem.
Problem 6.1 Construct a family of subsets § of {1,2,...,n} such that for
all S1,S53 € §, S1 # So we have

#(S1\ S2) + #(S2 \ S1) € Ws.

Given such a collection of subsets §, it is clear that the set B defined as

B{Zei:SES} (4)
€S

will yield the Fourier description of a l-error correcting quantum code by
Theorem 2.11. For, the condition on the family of subsets § will ensure that
the weight of any element in B — B does not lie in the set {1,2,3,4,5,6,n —
6,n—5mn—4,n—3,n—2,n—1} and hence (B — B) N F» = 0.

As our first example we describe a ((15,8,3)) code. For n = 15 it suffices
to construct a family of 8 subsets § such that for any two distinct subsets
51,82 € §F we have #(S1 \ S2) + #(S2 \ S1) € {7,8}. Then, B defined by
Equation 4 will be the Fourier description of a ((15,8,3)) code. The eight
subsets of {1,2,...,15} that we pick are as follows:

Sy ={1,2,3,4,13}, S, = {5,6,7,8,13}, S5 = {9,10,11, 12, 13},
S, ={1,2,5,6,9,10}, S5 = {1,2,7,8,11,12}, Sg = {3,4,7,8,9, 10},
Sy ={3,4,5,6,11,12}, Ss = {14, 15}.

In order to construct such nonstabilizer codes for general n we need to
construct explicit set families § as a solution to Problem 6.1. To this end we
describe a general method and use it to construct a ((33,155,3)) code. More
precisely, we will seek a special solution of Problem 6.1 in which all the sets
in § are of the same cardinality.

17



Let n = 33. In our construction we will consider only subsets of
{1,2,...,32}. Notice that, F5 and {1,2,...,32} are sets of the same size and
can be identified using any 1-1 correspondence. Thus, our goal is essentially
to find a family of subsets of F3 that yields a solution to Problem 6.1.

Consider the vector space F3. Let § be the family of all 3 dimensional
subspaces of F3. Since any S € § is a vector space over I, of dimension three,
we have #S5 = 23 = 8. Moreover any two distinct subspaces can have at most
4 vectors in common. Hence for every pair of distinct sets S1, Sy € § we have
#51 NSy < 4. Consequently, for distinct sets S1, 52 € § we have

8 < #(Sl \Sg) + #(Sg \ Sl) < 14.

Thus, for distinct sets S1,S2 € F #(51\ S2) + #(52\ S1) € W and hence
the corresponding Fourier description B gives rise to a 1-error correcting code.

Now, to find the size of the set B which is the dimension of the code we
have to find the size of §. The following general theorem gives the exact size.
Theorem 6.2 Consider the vector space Fy'. The number of subspaces of
dimension r is

(@" ="' -1)...(¢—1)
(=D =1 ... (g=D(g" " =D(gm "' =1)...(¢— 1)

Proof. Let ej,ea,...,e, be the standard basis for Fi*. Let T be the family
of all r dimensional subspaces of F;'. We want to find #%. Let R be the
subspace of F¢* spanned by the vectors e, es,...,e,. Consider the group
G = GL,,(F,). G acts on ¥ transitively and hence the orbit of R under the
G action is the whole of T. Hence the number of elements in ¥ is given by

#G
T =
# #Gr
where G is the subgroup of GG that leaves R invariant.
Any element of G is of the form

(o15)

where A and B are rxr and (m—r) X (m—r) nonsingular matrices respectively
and * is any r x (m — r) matrix. If g(m) = #GL,,(F,) then we have

#Gr = g(r)g(m —r)g"™ "
So the problem reduces to finding g(m). Let A be any matrix in GL,,(F,).
The first column of A can be any one of the nonzero vectors is F'. There
are ¢"* — 1 nonzero vectors. Having fixed the first column a;, we have ¢ — ¢
choices for the second column a,. Similarly there are ¢™ — ¢? choices for the
third column and so on. Therefore the number of elements in GL,,(F,) is
given by




Therefore the size of ¥ is given by

_ g(m)
T glm = g
(@™ =1 (g™ ' —1)...(¢—1)
(=@ =1)...(¢—(gm " =1)(gm"t=1)...(¢g—1)
|

From Theorem 6.2 we have

#5 =155
and hence the set B defined as

B = {Z e;:SEF }
€S

gives a ((33,155,3)) code.

Remark 6.3 We can actually obtain a ((31,155,3)) code as follows: con-
struct the same family of 3-dimensional subspaces of F3 which are 155 in
number. Now, drop the extra coordinate, which will still result in 155 distinct
subsets such that the symmetric difference of any pair of these has weight in
the range 7 to 14. Thus, we have a ((31,155,3)) nonstabilizer code. No-
tice that we can easily extend this puncturing argument to other nonstabilizer
codes.

7 Encoding circuits for a class of nonstabilizer codes

In this section we discuss the encoding algorithm for the class of non-stabilizer
codes defined in Section 5 and the asymptotically good codes of Corollary 4.5.
Recall that given a Gottesman subgroup S, the code C(S) can be specified
by giving its Fourier description B C S. We fix our encoding space to be
L2(F). Let C ={a|] ), a; = 0} and C* the set {b|bTa =0 for all a € C}.
We restrict attention to maximal Gottesman subgroups of the form

S={sap= w(aTDa)UaVLa+b|a eC,be CJ‘},

where D is an upper triangular matrix and L = D 4+ D7. Consider a code
C,, with Fourier description B C S. Recall that the dimension of the code is
#B. Due to the isomorphism S = C' x C+ — Fy x Fy we have the character
group of S as

Xse.q(8ab) = Xc,d(a,b) = w(aTd + ch).

For u € S define S, to be the abelian group {x.(s)s|s € S}. It is easy to
see that the Gottesman subgroup &, is also maximal. In this notation we have
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S1 = 8. Let Cg, denote the stabilizer (one dimensional) code corresponding
to the Gottesman subgroup S,,. Let {|¢,)} denote a (singleton) orthonormal
basis for Cs, for each u € S.

Theorem 7.1 The vectors |p,),u € B form an orthonormal basis for the
code with Fourier description B.

Proof. The projection operators for the code with Fourier description B is
given by

P:%ZZX“(S)S:ZP“

u€EB seS u€EB

where P, = % > scs Xu(s)s. Note that P, is the projection operator
corresponding to the stabilizer code Cg,. To prove that {|p,)|u € B} forms
an orthonormal basis for the code given by B it suffices to show that

0 ifuz#w,

Puby = { P, otherwise,

which is an immediate consequence of the following:

0 ifuz#w,

PP, = Py vy, = {Pu otherwise.

It follows that {|p,) | w € B} is an orthonormal basis for C,. [
For sap € S instead of writing S,

sap We Will write Sp . Similarly |pab)
will be used to denote |<Psa,b>~ It is easy to see that

o) = /o= 3 w((x+ )T D(x + d))@(xTe) [x + d)
7iC

xeC

Since the code has dimension #B, we will assume that the encoding
message space is a Hilbert space of dimension #B with basis indexed by
elements of B i.e. {|c,d)|sc,a € B}. To summarize, we have the following
observation.

Proposition 7.2 For a code with Fourier description B the encoding proce-
dure is given by linear map with the following property |c,d) — |pc.a) for all
Se,d € B.

In the rest of this section we define the basic quantum gates using which
we construct the encoding circuit for the code described above. We will also
outline the encoding algorithm. It is to be noted that for a fixed ¢, these basic
quantum gates over LQ(]Fq) can be implemented easily over any universal set
of quantum gates.
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Gate

Definition

Invertor Zla)=|-a), a €T,
Control-U C-Ula)[b) =la)|a+b), a,beF,
Control-V C-Vla)|b) = w(ab) |a) |b), a,beTF,

Control-Control-U | CC-U |a,b,c) = |a,b,c+ab), a,b,c€F,

Control-Control-V | CC-V'|a,b,c) = w(c +ab)|a,b,c), a,b,ceF,

Fourier Transform | Fla) = 2= _p w(az)|z), a €T,

q

Next, for any gate C-f of two arguments a,b € F, defined as

C-fla) |b) = la) |f(a, b)),

we extend it to an operator C-f, with two arguments a,b € Fy as follows
(see Figure 2)

C—fn |a> |b> = C—fn |a1a2 . CLn> |blb2 N bn> = |a> |f(a1, bl), f(ag, bg), ey f(an, bn)> .

In a similar fashion we extend the gate CC-f with three arguments
a,b,c € F, to CC-f, defined on a,b,c € Fy. In the circuits we draw a
C-fn gate with thick wires to indicate that it takes a tuple from Fy.

Given the message c,d, we can describe the main steps of the encoding
algorithm as follows.

1. Initialize |R) := |0™)

2. Apply C on R so that

0=\ S

xeC

3. Apply C-V,, on |c) |R) so that

[c) [R) = |e) @ (



4. Apply C-U, on |d)|R)

|d) [R) — |d) ® ch x[x+d).

\/ xEC’
5. Apply the circuit in Figure 4 on |R) |D)|0™)

|R) | D) 0") —

Y w(e"x) [x+d,D(x+d))|D).

al q"- 1xEC’

\/ﬁ Y xecw(ex) [x +d,D(x+ d)) to get

6. Apply C-V,, on |Ry) =

1

|Ry) Y w(x+d)"D(x+d)+c"x)[x+d,D(x+d)).

n—1
q xeC

The complete encoding circuit along with the building blocks is given in
Figures 1, 2, 3, 4, 5, and 6.

8 Decoding for a class of nonstabilizer codes

Let C C H®" be a t-error correcting quantum code satisfying the conditions
of Theorem 2.11, with Fourier description B, and such that its projection P
has support in the Gottesman subgroup S of the error group £. The two
conditions that C satisfies are:

1. For each g € S such that wit(g) < 2t

Xg(uflug) =1 for all uy,us € B.

2. For each g € £\ S such that wt(g) < 2¢, and for s € S we have
> xual(8) D (g s1)xs (g hug) =0,
uy,u2€EB Ss1
where v(g, s) is the scalar such that v(g, s)sg = gs.

For u € § let S, be the Gottesman group {x.(s)s|s € S}.
The projection operator for the code C,,

SEEP I NUCED

u€EB seS u€EB

where P, = % > scs Xu(s)s. Note that P, is the projection operator
corresponding to the stabilizer code C, with S, as stabilizer group for each
u € B. As argued in Theorem 7.1, P, P, = 0 for distinct elements u,v € B.
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Let D, denote an orthonormal basis for C,, u € B. Then D = UueB D, is
an orthonormal basis for C.

It suffices to describe the decoding procedure for the encoded message as
a basis element from D and error g € £ such that wt(g) < ¢. With out loss
of generality let 1)) € D, for some u € B be the encoded message, and let
g € & of weight at most ¢ be the error operator. The decoding procedure takes
g |¥) = |¢') as input and outputs |¢). Let {s1, s2,..., Sk} be an independent
generator set for S. Notice that for 1 <¢ <k

sig [¥) = v(si, 9)xu(si)g [¥) -
Thus, g¢|¢) is an eigen vector for operator s; with eigen value
V(805 9)Xu(si)-
The decoding procedure will carry out the following steps. It uses as
subroutine the phase estimation algorithm of Kitaev!Z.

1. Let |¢") be the received state.

2. Apply s; successively, for each 1 < ¢ < k, and when s; is applied run
Kitaev’s phase estimation algorithm to compute the eigen value «; =
v(si,9)Xxu(si). Let |p) be the resulting state.

3. If g = I and some u € B constitute a solution to the system of k group
equations (using a classical algorithm that searches through B):

Qy = V(Slag)Xu(Sz)al <i< ka

then apply s; * for each 1 < i < k to the state |p) and output that as the
decoded state.

4. If g = I does not give a solution to the k equations, find (using a classical
algorithm that searches through B) a g # I € £ and the corresponding
unique u € B which are a solution to the k equations. Apply g—! to the
current state. Then apply 5;1 for each 1 < i < k, and output that as the
decoded state.

We now argue the correctness of the procedure. Firstly, notice that if the
error operator is g € S such that wt(g) < ¢, then by assumption x4(u2) =
Xg(u1) for all ui,us € B. Denote this scalar by X\. Notice that for any state
lo) € C, gle) = A|¢). Which means that g introduces only an overall phase.
We establish the following claim from which the correctness of the procedure
follows.

Claim 8.1 1. If g =1 and u € B is a solution to the k group equations
given above, then u € B is the unique solution, and there is no g € S
which is a solution to the equations.
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2. If g = I is not part of a solution to the k equations, then there is a unique
u € B and some g ¢ S that form a solution such that wt(g) < t.

Proof of Claim. For the first part, assume that g = I and u € B is a solution
to the k group equations, and some g ¢ S and v’ € B is another solution. Then
we have v(g, $;)xu(8i)xw (si) = 1,1 < i < k. Since sy, $2,...,S, generate S,
it implies (g, $)xu($)xw (s) = 1 for all s € S. It is easy to see that this
contradicts the second condition of Theorem 2.11 for the element g ¢ S of
wt(g) < t.

For the second part, notice that any solution g of wt(g) <t to the equa-
tions is not in S. For, if ¢’ € S and u € B are a solution then so is g = I and
u € B, because y(g’,s) =1 for all s € S. Assume to the contrary that there
are two distinct solutions g1 € S and v € B and g2 ¢ S and v’ € B, where
wt(g1) <t and wit(ge) < t. Then, as before, the k equations will yield

Y(g1,8)Xu(s) = v(g2, $)xuw (s), VseS.

By rearranging terms we get v(g; 'g2,5)xs(wu"') =1 for all s € S.

Now, if g7 lgo & S, then this again contradicts the second condition of
Theorem 2.11 for the element g; *gs & S of wt(gy g2) < 2t.

Next, suppose that g; ‘g2 € S. Then we get xs(u'u™") =1 for all s € S
implying that v = v’. Thus u is unique. Notice that by the first condition of
Theorem 2.11, since wt(gflgg) < 2t, the effect of applying the error gflgg to
a state in C only introduces an overall phase. Thus, decoding with either g; !
or g, ! will coincide upto an overall phase. This completes the proof of the
claim and correctness of the decoding procedure.

To analyze the efficiency of the decoding procedure, we recall from Nielsen
and Chuang'? that the phase estimation quantum circuit is efficient (polyno-
mial size in n). However, solving the k group equations involves exhaustive
enumeration. This takes time O(n®(@ .#B), which is also the dominant term
in the entire time bound.
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See Figure 1 for the basic gates. From these gates we can construct a
circuit that computes for any a, b € Fy the dot product ) _; a;b; (see Figure 3).
The second circuit in Figure 3 is a symbolic representation of the circuit (note
the thick lines). Using this inner product circuit we can also define the circuit
that takes a n x n matrix D and a vector a € Fy' and computes the vector
Da (see Figure 4 note the thick lines and the cut).

We also need a circuit which will take the vector |0™) and generate the
uniform superposition \/% > xec |x). This circuit is given in Figure 5.

See Figure 6 for a complete circuit. The other figures are the building
blocks. Note that the extra]|D(x + d)) can be removed by inverting it and
then applying the circuit in fig 4 on |[x + d, D(x + d)) | D).

15) ] ja+)

Invertor gate C—U gate

|a) O |a)
l la) (7] Fla)
|b) V] w(ab) |b)
C -V gate Fourier Transform gate

Figure 1. Basic Gates
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|‘11\ C |a1>
laz) O la2)
[
[ ]
lan O lan)
[b1). C [b1)
[b2). C |b1)
[
[
e o o
[
[n) O [bn)
lex) (7] ler + f(a1,b1))
[ca) : m |(22 + f(ag, b2)>
[ )
[ )
[ ]
len) E |Cn +f(anabn)>

T )
[b) :L b)

© 7] e+ fu(a, b))

Figure 2. Circuit computing C-f, from C-f
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|a1\ C\ |a1)
|az) O |az)

[ ]

[ ]
|an) O lan)
o C br)
b2 C br)

[ ]

[ )

e o

[ )
[bn) O |bn)
o ——{—] o+ aTh)

)

Figure 3. Circuit computing the dot product a’'b
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) O O O |a)
|d1) O |d1)
|d03 f) |d2>
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Figure 4. Circuit to compute Dx
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Figure 6. Complete encoding circuit
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