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s Theory Maths?
B Computer Science e

. Science
** Theory = Theoretical Mathematics

Computer Science (TCS) | Computer Science

* Theory is the art of ~ Theoretical (Pure) Computer Science | Applied Computer Science
Computer Science  Health Informatics

\/ H H H g e TR
*»» designing algorithms T .+~ Theory of Computation -
*» guessing their efficacy Computer Complexity Theory ~ Algorithms & Data Structures. R —
Cryptography Data Bases Computer Networks

pantum C . Theo — e e SRS N
R S Information & Coding Theory Programming & Language Theory

“* proving your guess

Edmmal R Computer Architecture & Engg.

“* No theory without compute

Prog. Language

** Maths is a larger framework Compiler Design
C ’ Type Theory
*» doesn’t need compute

Concurrent Parallel, Distributed Systems.

** needs aesthetics! Artificial Intelligence o
Robotics; NLP
) H Medical Image Comp
«» different examples based gre— _ : ; ; « Knowledge Representation
Computer science is the scientific and practical approach to computation and its applications. fnoipon Howiol
H TF » Theoretical Computer Science S “:4'?",3'\’ - °""P,"‘ag°,"

on scient ifi C areas » Applied (Industrial) Comp. Science: Concepts that can used directly in solving real world problems pilrJ'Eﬁfog?ﬁS:L” =
Image Processing
‘Computer Vision
Machine Learning
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s Maths Theory?

B Mathematics

“* Maths may interact with computation

“* but it largely exists on it own m
Mathematics
*“» = abstract or pure

° « . V4 l
*» Mathematicians don’t need computers — ' —

“*» Our motivation is all from computing

Algebra

“* Maths textbooks have a very precise
and rigorous notation

“* Theory manuscripts are written in a {
notation that has a computational feel!
— [ GameTheon™ ]

*“* Theory enriches Maths and vice versa! Computational Theory

Mathematics broadly: Study of Quantity, Structure, Space, Change**
Pure Mathematics: Quantity, Structure, Space & Change
Applied Math's: Statistics & Computer Science

** i.e. arithmetic, algebra, geometry, and analysis
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s Maths necessary in CS?

. . B Linear Algebra
Linear Algebra = ML, Graphics Probability Theory & Statistics
- : . Multivariate Calculus
Probability = Machine Learning B ~lgorithms & Complexity
B Others 15% 15%

Calculus = Deep learning, Complexity

Number theory =2 Cryptography, Error-

0
correcting code il
Geometry = Vision, Motion planning

Algebra + Combinatorics =2 25%
Communication, Storage

Game theory = Matching, Auction, '
Trading, Recommendation system 35%

Importance of Maths Topics Needed For Machine Learning
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* The Divine Dilemma: Can God Solve the Halting
Problem?

*** The halting problem is undecidable.
** Theorem: The halting problem is undecidable.

** Theorem [Turing, 1936]: The halting problem is

undecidable. < Algorithm is a set of rules that must be Q

2 Define the concepts: followed when solving a particular problem.

*“* Halting problem is a decision problem that asks if a » Define a Turing Machine
computer program will terminate, or run forever,

) O . ¢ as a symbolic description “of rules that must be
given a description of the program and an input.

followed”.
*» Undecidable problem is a decision problem that

cannot be solved by an algorithm. *»» Definition: An algorithm is a Turing machine.
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Theory statements in e R
SySte m S Allocating Hard Real-Time Tasks:

An NP-Hard Problem Made Easy*

K.W. TINDELL, A. BURNS AND A.J. WELLINGS
Real Time Systems Research Group, Departmemt of Computer Science, University of York, England

*» Mathematically model the real-life problem. Abstract A disteibute hard res tme system can be somposed fom a nibes of commusicain tsks. Ooe

of the difficulties with building such systems is the problem of where to place the tasks. In general there are
PT ways of allocating T tasks 1o P processors, and the problem of finding an optimal feasible allocation (where
all tasks meet physical and timing constraints) is known to be NP-Hard, This paper describes an approach o

+** Allocate T tasks to P processors. band el i archisctrs and prvscsis a sl which ensbles iming rocuEmEmiS o be il
“* Define the concepts: 1. Introduction
’:‘ Feasible Building real-time systems on distributed architectures presents engineers with a number

of challenging problems. One issue is that of scheduling the communication media, another
concerns the allocation of software components to the available processing resources. Dis-
0:0 Optlmal tributed systems typically consist of a mixtre of periodic and sporadic tasks, each with

an associated deadline and possibly precedence constraints. Failure to meet the deadlines

% of critical tasks may lead to a catastrophic failure of the system, and consequently off-line
¢ Hard, EOSy analysis of allocation and processor scheduling is required to guarantee task deadlines.

In general, the three activitics of task allocation, processor scheduling and network sched-
<> NP-hard uling are all NP-hard problems (Burns 1991). This has led to a view that they should be

considered separately. Unfortunately, it is ofien not possible to obtain optimal solutions
{or even feasible solutions) if the three activities are treated in isolation. For example, allo-
cating a task T'to a processor P will increase the computational load on P, but may reduce
the load on the communications media (if T communicates with tasks on P), hence the
response time of the communication media is reduced, allowing communications deadlines
elsewhere in the system to be met. The tradeoffs can become very complex as the hard
real-time architecture becomes more expressive; a simple and scalable approach is required.

Previous approaches to solving the task allocation problem have mostly concentrated
on graph theoretic algorithms [for example (Chen and Yur 1990; Chu and Lan 1987)] or
heuristics [for example (Bannister and Trevedi 1983; Houstis 1990)]. Most have tried to
maximize system throughput (i.e., minimize the computational and communication resource
requirements for tasks in the system), often by reducing bortlenecks, resulting in allocations
which may or may not be schedulable. However, these approaches do not take a global
view; they rely on the observation that fast systems (i.e., ones which maximize system

*This work was supported in part by British Aerospace (Commercial Aircraft) Lid, and the UK Department of
Trade and Indusiry.

CS888 - SAXENA 6




Assignment 1:

¢ Write 2-3 lines on an area of Theoretical Computer Science that you like. Why do you like it?
** Write 2-3 lines on an area of Mathematics that you like. Why do you like it?

*** Write 2-3 lines on an application of Mathematics that you have heard about.

**» Give 2 examples of improperly formulated “theory statements” that you came across in college or online or in the
media. Next, write down their correctly formulated versions.
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Prove your beliefs

*» Maths is written in a proof format.
*» Begin: with what you are given.
**» Middle: is direct logical consequence.

*» End: with what was asked to be proved.
“*QED =

** Break up into many Theorems. Internet Slang, SMS, Texting & Chat : ‘ f logical
is a series of logical
QED statements supported by

. theorems and definitions
quod erat demonstrandum (which

el e that prove the ruth of
demonstrated) another mathematical
by acronymsandsiang.com statement
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Two Proof Formats

Prove your beliefs § ez % o D

If x is odd, then x2 is odd 0 [Edee]
Proof : {BA“?“-“‘;} :
“* Proof is like a computer program. Since x is odd, there exists a k € Z « EI
. , such that x = 2k + 1. { Feltm o2 }
00’ But, keep It readable Then, x2 = (2k+ 1)2 =4k2 + 4k +1 = ('3) J'=2l\'+l
“* as much as possible! 2(2k2 + 2k) + 1. Thus, x2is odd. O {Mathenmbion)
(4) x? = (2k +1)?
: . =4k? +4k+1
+* Figure on the right: Steps 1-7 show the \ A o
logical evolution of statements. T A O B 2 )
“* much like simple steps of a computer This is what you should write down 6 | | 3ul? =2m+1]
{ =-intro on (2) and (5): }
** Figure on the left: The overall idea gets / © | el =2k+1] = 3nla? =2+ 1]
conveyed with minimal notation. { V-intro on (1) and (6) }

This should be in the back of your mind Km Va[3efe = 2k + 1] = 3 [2? = 2m + 1]] F

TU /e technische universiteit eindhove:
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a

Fake proofs a’

al — b°
(a+b)(a—0b)

+» Cancellation rule?

** Caution: Never divide by 0.

o i may be undefined in your ring. a —I— b =
2b
2

ab
ab — b2
b(a —b)




11:’- +X +X+ R
Fake proofs — k=

dext)_ L (xax+xXt R
** Product rule of derivative operator. . P g W’J
“* The number of summands non-constant?
** Caution: Look at the whole function x * x T = | #1414+ ]
** sum x “x times” is undefined, for real x e’
X Fimas
5 98 = X
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Fake proofs

D=1

Black Square
Perimeter = 4

* Perimeter = sum of parts.

** Infinitely many parts?

** Do the parts converge to the circle?
“* Where’s the error converging to?

+*» Caution: Part should be a tangent.
¢ Discretization introduces large errors

7/

+* Bound them!

Invert More
Corners

Black Perimeter
Still = 4

CS888 - SAXENA

Invert Corners

Black Perimeter
Still=4

Repeat to
Infinity

Black Perimeter
Still=4

STT=4
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What's a good proof that every prime is the

Fake proofs by Al
‘ ( ) One way to prove that every prime
a t tS number can be written as the sum of

two squares is to use the fact that

every positive integer can be written

To prove that (27)'/? is irrational, we can

as a sum of four squares. This is _ @
known as Lagrange's Four Square use proof by contradiction.

Theorem

Let's assume that (27)'/3 is rational. This

M Can a rectangle and a circle have the same area?

y positive integer . .
fisgabiahlon s means it can be expressed as a ratio of two
the sum of four

integers in the form %, where a and b are
roceed by induction. b

@ No, a rectangle and a circle cannot have the same area unless the rectangle is not a true integers with no common factors other

:asy to check: 1 can

rectangle, but a shape that has curved sides and resembles a circle. + 072 + 072 + 0~2, than 1, and b is not equal to O.

— - . [ every positive

This is because the area of a rectangle is given by the formula A = | x w, where | 1/3 a

- g { can be written as (i e
represents the length of the rectangle, and w represents its width. On the other hand, the > : So, we have (27) b’ where a and b
: rae ; - . uares. We need to

area of a circle is given by the formula A = nr*2, where 1t is the mathematical constant pi b have no common factors other than 1.
y . Iso be written as the

and r represents the radius of the circle.

38,

Now, let's cube both sides of the equation:
Since the area of a rectangle is always a product of two positive numbers, whereas the

area of a circle is always a product of it and the square of the circle's radius, it is

impossible for them to have the same area.

Even if we take the square of the circle's radius to be a rational number, 1t will still be an

Multiplying both sides by 1)3, we get:

irrational number, making it impossible for the areas to match exactly.
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Assignment 2:
*» Give examples of at least three rules that allow “logical consequences” inside a proof.
< Write a proof of the statement: “x is odd < x? is odd”.

2
** If we use GP (Geometric Progression formula) twice in the series: -+ + (1) + G) + 1+ x + x?+ -, we get the

sum=ZERO! Write this fake proof and discuss why it's fake. 8

% Describe the derivative of the function f(x) = |x|, for real-valued x. [Function |x| gives the non-negative
magnitude of x.]

+** Recall the circle-perimeter (fake) proof done in the class. Correct it to calculate the value of .
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Proof Techniques

** Deduction
“*If (@ = B) and a, then .

¢ Induction
@ If (a(k) = a(k+ 1)) and a(0), then V¥, a(?¥) .

+*» Contraposition 81 =???????2???---
sz = M-

“If (a > p),then (~p) - (~a). s =01010101010...
s =10101010101...

+* Contradiction s5 =11010110101...

s =00110110110...
s7=10001000100...
sg =00110011001...

“* If (a = False), then (~ a) .

*¢ Diagonalization $9=11001100110...
. . . $10=11011100101...
+» Draw a matrix; contradict the diagonal! si? 11010100100

s =10111010011...
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Types of statements

Peano Axioms for natural numbers
PA1 Vz(—(s(z) =0))
PA2 VxVy(s(z) = s(y) = z =y)
PA3 Vz(z 4+ 0 = x)
PA4 VaVy(z + s(y) = s(z + y))
PA5 Vz(z - 0 = 0)

“» Conjecture: an unproved belief.
“ P£NP .

“* Axiom: an unprovable, defining, belief.
“* Peano’s axioms [s(-) is called successor].

“» Hypothesis: a testable prediction.
“* Riemann’s hypothesis. Church-Turing thesis.

** Theorem: a formal statement with proof.
** Prime number theorem.

“*» Corollary, Lemma, Claim, Proposition, Fact
+» diverse assertions from/towards a theorem.

“» Algorithm (proved) vs Heuristic (unproved).

CS888 - SAXENA

PAG6 VzVy(z - s(y) =z -y + )
PAT [A(0) AVz(A(z) = A(s(z)))] — VzA(x)

* “Hypothesis is a tentative
prediction or explanation of the
relationship between two
variables’ It implies that there is a
systematic relationship between
an independent and dependent

variable”.
Fundamental Theorem of Arithmetic: Every positive integer
has a prime factorisation, unique up to the order of the factors

Fundamental Theorem of Algebra: Every nonconstant
polynomial over the field of complex numbers has at least one root

Fundamental Theorem of Calculus: For every continuous
function f on an interval [a, b] the function g(x) = [ f(t)dt is an
antiderivative of f on (a, b)

Fundamental Theorem of Linear Algebra: The row space of a
matrix is orthogonal to the nullspace of the matrix, and the
dimensions add up to the number of columns of the matrix
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STOP TELLING GOD WHAT T0 DO

GOD DOES NOT PLAY DICE
WITH THE UNIVERSE!

Does God play dice?

CS relies on probabilities.
Are they necessary?

Random sampling is a powerful tool:
algorithms, systems testing, networks

Not only does God play dice,

prover-verifier protocol, proof-checking, cryptosystems but... he sometimes throws them

ML model with biased input distribution e where they cannot be seen.

If | toss any coin the probability of Heads is 7. s s

-
-
N,

Stephen Hawking
~ gorithms that
: : . _ _
For an unbiased coin, probability of Heads is 7. make random choices

My ML model works very well on real data. Q = RHARING Che; pRLTOLTATIcE
+ Testing computer systems

My ML model decides x on dataset X with mean- — Generating input/demand to test a system

n
absolute-error of 10%. MAE - ?’12 S | x,- x| * Modeling discrete structures
i=1

— Understanding the structure of the internet or
social networks
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Assignment 3:

% Prove by induction: X;cpp (1) < (2 — 1).

i2 n
% Prove by contradiction: V2 is irrational.
*** Prove by diagonalization: There is no bijection from N (natural numbers) to R (reals).
*» What is the difference between a conjecture and an axiom? Give examples.

** What is the difference between a hypothesis and a theorem? Give examples.

*» If a drug is advertised as having 80% efficacy, does it mean that it will treat your illness with probability = 0.8?
Discuss.
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Binary heap  Fibonacci heap

Procedure (worst-case) (amortized)
MAKE-HEAP O(1) ()
NP- Hard INSERT O(lgn) O(1)
s life Hard?
. EXTRACT-MIN Ogn) O(lgn)
UNION O(n) e(1)
DECREASE-KEY O(lgn) O(1)
NP Complete DELETE O(lgn) O(lgn)

** What does easy or hard mean in CS?
“* Is it in theory or practice?

The international journal of sclence / 6 October 2022

natue

*» Depends on the context:
1. Fibonacci heaps are hard to analyse.

Matrix multiplication is suboptimal.

Deep reinforter

2
3. Integer factoring is hard to solve. lc.‘lmingnpé“lmnc-
4

to faster algo
Hamiltonian path is hard to find. |
5. Cycles are hard to count.

“* Hardness is of diverse types:
** Insightful Naming is important!
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MCSP is one of a few problems not known to be NP-complete
and notf known to be in P.

| S H a rd n eSS b a d ? Traveling Sudoku
° salesperson
peopiem Hamiltonian
paths
** Do scientists prove hardness only for sadistic fun?! MCSP s

“* We don’t want to look for algorithms that don’t exist.

Word search Sorting a list

“* We can try solving for restricted inputs.

Eulerian paths

** Once we know a problem is hard, we could search for
special-case heuristics

“* Approximation
“» If a well-known hard problem Y reduces to X, then

** Machine Learning, or Deep Learning :
X is also hard.

“* Hard problems help design secure cryptosystems
** IntegerFactoring, DiscreteLog = RSA
** ShortestVector (SVP) - Lattice cryptosystem
*» SystemSolver - Multivariate Cryptography

**» Else, we're stuck wondering about X.
“» problems of intermediate complexity.
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How to survey?

“* Recognize your area of interest (say A).
*» easier to pick from existing labels

/

“» internet, copilot, proceedings, journals, manuscripts, magazines

“» Read few papers in A, make notes, give talks.
+» follow-up on the recent citations

* |dentify a problem (say P) in area A.

+» Specialize your search to P (and its vicinity).
*“* read-up its state-of-the-art
e+ give talks
+» follow-up on citations
“* be clear about what’s done and what’s open
** talk to experts

CS888 - SAXENA

Polya's Problem-Solving Cycle

Understand
the Problem

Howft&.:-
Look Back Problem
Solving.

Carry Out
the Plan




Assignment 4:

+** State two computational problems that are easy. Give their complexities.
¢ State two computational problems that are hard. How hard are they?

+* Do Al/ML solve truly hard problems? Discuss.

+** (Optional) Do you know a problem that was considered hard, but turned out to have an easy proof?

¢ Is the professional sport of Chess hard, in a computational complexity sense?
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SCIENTIFIC METHOD

How to initiate research? @ 9
MAKE AN OBSERVATION
@

* Recognize your area of interest (say A). URWEGEEE Y1 1E R eI e Tk ASK A QUESTION
solve, then 2 |S an easier

problem youl ean't solve: find it.

» |dentify open problem P in area A.
* Survey P and its vicinity.

DEVELOP A HYPOTHESIS OR PREDICTION

“* Guess an approach S — a first stab at the problem.

3

“ |dentify strength of S.

** |dentify weakness of S. . ANALYSE RESULTS
** Look back: ’

*» does S explain the literature better? RECORD THE RESULTS AGAINST HYPOTHESIS
*» does S solve a new special-case? ® \

Qo MAKE A CONCLUSION [?

** Challenge the status-quo:
*» decomplicate and clarify!

%
—
S

~
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Time for a result or a preprint?

* Look back:
*» does approach S explain the literature better?

/

*»» does S solve a new special-case?

* if you’ve a nontrivial result, double-check and
“*» write a draft

*» do multiple iterations of editing!

** Double-check: Target audience eager to read it?
“* Is it a result you're proud of?

“* |Is there a venue where people publish such results?

+* Polish the preprint and submit it in a conference.
“* In CS, conference submissions are important

"It's all original research. I had no assistance
when I looked it up on Wikipedia."
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Write a paper for non-experts

** In CS, conference submissions are important.

*» Assume your reader to be a non-expert
“* impatient: has little time to read

“* critic: may not share your excitement about the problem

“* nitpick: may not like if you don’t follow the traditions of the
conference

“» E.g. language, organization, paper-length, etc.

“»* Introduction: divide into subsections
** motivation; history

** results in simple words; main ideas

+»» Technical details: divide into sections

+“*» Conclusion, Acknowledgements, References, Appendix

CS888 - SAXENA

Basic Structure of a Research Paper

General
statement
of the topic

Introduction

s Literature

Summary

Ending of the main
o points

A
Think of a good story to tell ]

First impression may be the last ]

l High-level & low-level edits ]




Incorporate feedback

** CSis a highly collaborative field.
“*» esp. compared to other theory fields

“*» Get your colleagues to read the first section (/10 pages).

“*» Gather their candid feedback. Did they

“»* understand the result?
<+ understand the idea?

*» value the problem?

** Make amends to generally weaken the criticism.

-
o
St y
P &
S,
o S\
ey A - % g
* A
P i e =
e

Most scientists regarded the new streamlined peer-review process
as “quite an improvement.”

{
:
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Assignment 5:
** Write 1-2 lines about your area of interest.
** Write 1-2 lines about an open problem in your area of interest. Identify a special-case.

*** Regarding the special-case above: Suggest your title and abstract, of a research paper, that you hope to write one day.

**» Regarding the paper title/abstract above: Show your work to your neighbour and get his/her feedback. Summarize it
in 1-2 lines.
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William of Ockham
(Franciscan friar, 1287-1347)

Ockham’s Razor

No more things should be presumed

to exist than are absolutely
Present to non-experts cesan . velew

assumptions an explanation of a
phenomenon depends on, the better
the explanation

Presentation # Reading a paper !

Everything should be made as
Pick the simplest, most impactful, result to highlight. simple as possible, but not simpler

Albert Einstein
not the most general

not the most complicated
use minimal notation

Focus on ideas, rather than equations or data.

discuss very easy, but failed, ideas Someone has remarked that 'An

Tentative breakup of time (resp. #slides out of 20): ideal math talk should have one
survey: 30% (6) proof and one joke and they should

new result statements/ motivation/ interpretation: 40% (8)
proof ideas: 25% (5)
open guestions & conclusion: 5% (1) — Renald Graham —

not be the same'.
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Incorporate talk feedback

** Practice timing your talk. o
“* Minutes: 5 (pitch), 15, 20, 30, 50, or 75 (keynote). 9‘°a|ah-%»

“» Give a mock-talk to your colleagues.
+» ask someone to note the feedback down

“* Gather from the audience’s body-language: Did they
** value the problem?

*» place the result in a larger context?
** appreciate the idea?

“* Make amends to generally weaken the criticism.
*» people’s feedback may be contradictory; do your best edit!
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Guidelines For Writing A High-Quality Manuscript

In Computer Science

How's your paper reviewed?  om oo

&) Abstract € References
€2 Introduction € Clarity and Style
» Conference specifies a standard format. @ RelatedWork @ Figures and Tables
“* non-compliance leads to quick rejection by reviewers @ Methodology @ Peer Review
** Three reviewers read your submission independently © Results © Formatting
«» double-blind review € Discussion

» brief report is written

** Review report has
“* reviewer confidence score

*» paper evaluation score
“* importance of the problem, clarity of presentation
“* interesting proof ideas; paper strength and weakness

** Unless the scores are very high, the program committee (PC) votes on your paper quality!
** area politics?!
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Are you submitting your
research to a trusted journal?

Publishing your research resuits is key to advancing
your discipline - and your career - but with so

What makes a venue prestigious? e s

** Quality of the members of Program Committee (PC).

*» Quality of the earlier papers: are they
*» cited/used widely?
“* mentioned in popular talks?
** inspiring books/surveys/products?

*» Quality of the peer review process: Is
** a Revision demanded?

** the Acceptance rate realistic?

“* Quality of the publishing company:
*» does it have conferences of high-quality?
“* is it open-source?
*» shouldn’t be predatory!

CS888 - SAXENA

Tips to confirm a jounal's
credentials and decide if it

OE=d Ly
yoqnact right
OED i

Take control of your career at
thinkchecksubmit.org

Credible journals Predatory journals

Peer review, Revisions, Rejections Greetings, We Adore Your Research!
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Assignment 6:

¢ List 2-3 prestigious venues in your area of interest; where you would want to publish in the future.

+* List 2-3 do’s resp. don'ts in a CS talk.

*** Regarding the paper title/abstract you wrote in the last assighment: Create two slides/pages of a fictional talk you
might want to give.

**» Regarding the talk-slides above: Show your work to your neighbor and get his/her feedback. Summarize it in 1-2 lines.
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